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Analvsis of a Rolling Pull-Out Maneuver 


W. J. OAKES, JR.,* ano P. T. HOLLIDAY? 


Northrop 


SUMMARY 


Four methods for determining the maximum first peak vertical 
tail load during a rolling pull-out maneuver are examined 

he familiar Kelley method and an approximation that 8 = a 
are compared with a linearized solution of the equations of motion 
land a constant angle of attack solution of the equations of motion, 
both derived herein. Time history solutions of the airplane 
velocities are given for the linearized and constant angle of attack 
solutions. The resulting vertical tail load factors are compared 
with the Kelley method and the 8 = @ approximation for three 
current aircraft configurations—straight-, swept-, and delta 
wing 

A time history solution of the constant angle of attack equa 
tions of motion is shown to be the only consistent method among 
those examined herein for determining the maximum vertical tail 
load design condition during a rolling pull-out maneuver. A 
large order of error is also shown to exist for each of the other 
three solutions. One source of error is the inability of the linear- 
ized method to predict the proper damping in the oscillatory 
mode. In the transonic speed range stable oscillations as com- 
puted by the linearized method are actually shown to be un 
stable by the constant angle of attack method of calculation 

The rolling pull-out maneuver used in this analysis is shown 
to be a reasonable maneuver in that the side load factors and 
control surface trim deflections obtained are small enough to be 
tolerable. 


SYMBOLS 


wing span 

wing tip chord 

wing root chord 

mean aerodynamic chord 
C, lift coefficient = lift/gaS 
Cia = slope of lift curve = OC) da 

Stability Derivatives 

“ OL, 


l 
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center of pressure 

vertical tail load 

gravity acceleration—382.2 ft/sec 

moment of inertia about x axis 

moment of inertia about y axis 

moment of inertia about 2 axis 

product of inertia in the xz plane 

horizontal distance along x axis from ¢ 
vertical tail 

vertical distance along z axis from 
vertical tail 

rolling moments about x axis 

pitching moments about y axis 

mass = weight 

yawing moments about ¢ axi 

load factor 

rate of roll about x axis 

rate of pitch about y axis 

rate of yaw about ¢ axis 

perturbation from an initial value of 7? 

perturbation from an initial value of 

perturbation from an initial value of 

dynamic pressure = (p/2) Uy? 

wing area 

vertical tail area 

thrust 

time 

velocity of C.G. in direction of x axis 

velocity of C.G. in direction of y axis 

velocity of C.G. in direction of 2 axis 

airplane weight 

perturbation from an initial value of | 

forces along x axis 

forces along y axis 


forces along z axis 
































JOURNAL OF THE 


4 right-handed coordinate system attached to aircraft 
z \ C.G. and moving with it (see Fig. A-1) 


coordinate system fixed with respect to initial space 


yp = 
2’ | 
a = angle of attack 
ay = angle of attack of vertical tail 
B = sideslip angle 
['o = initial time rate of change of the Eulerian pitch angle 
64 = aileron angle 
be = elevator angle 
€ = moment arm of thrust about C.G. 
WV = jnitial time rate of change of the Eulerian yaw angle 
PD, = initial bank angle of moving axis system 
n = vertical tail efficiency, assumed = 1.0 
y = Eulerian pitch angle 
y¥ = Eulerian yaw angle 
o = Eulerian roll angle 

Subscripts 
0 = initial condition 
HW” = weight force 
max = maximum 
4 = thrust and aerodynamic forces 
V = vertical tail 
A dot above a symbol indicates that it is a partial derivative 

of the symbol with respect to time, (°) = O( )/Oft 


INTRODUCTION 


— WoRLD Wak II considerable trouble was 
experienced with the vertical tails on military 
aircraft. No conditions had been considered which 
would design the vertical tail for the maneuvering 
loads that these relatively high-speed aiicraft were 
attaining. Hence, the design condition of a steady 5° 
yaw angle at limit dive speed was prescribed in 1946 as 
a solution to this problem.' Until lately this has been 
the critical design condition. 

As the limit dive speed radically increased after 
World War II, it became evident that this yaw angle 
criteria was not realistic. A perusal of the situation 
was made with the result that both the Air Force and 
the Navy discarded the arbitrary yaw criteria and 
placed more emphasis upon design conditions for the 
vertical tail which are indicative of the actual attitude 
of the airplane. One of these design conditions, the 
rolling pull-out maneuver (any maneuver in which 
rolling occurs during high load factor flight conditions) 
Due to the 
difficulty which many current aircraft configurations 
have in executing this maneuver, the rolling pull-out 


has been a design criteria since 1942. 


has achieved a prominent place in the latest (1953) 
structural design criteria of both the Navy” and the 
Air Force.* This maneuver is now recognized as one 
of the most critical design conditions for the vertical 
tail as well as for the whole aft fuselage and the hori- 
zontal tail. 

In 1944 Gilruth* presented an analysis of the sideslip 
angles that might be expected in a rolling pull-out 
maneuver. The value of 8 that he obtained is the 
steady-state yaw angle due to the steady rolling mo- 
ment produced by the aileron. This analysis was sub- 
sequently found to give half the sideslip angle that 
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White, Lomax, and Turner’ obtained from their |. 
simplified analysis. Their expression is based on } 
three linearized lateral equations of motion in wh; 
the product-of-inertia terms have been omitted. 
The same results were obtained by Kelley® in 19 
He extended the analysis of reference 4 to account j, 
the dynamic overshoot due to the abrupt manner 
which the rolling moment is applied. Since no dany 
ing was considered in the yaw direction, the value 





8 obtained in reference 6 is twice that derived by (j. | 


ruth. Kelley’s report is perhaps the most well knoy 
and was instrumental in having a rolling pull-oy; 
condition inserted in the Air Force vertical tail desig 
criteria. 

It has become more apparent in recent years that th 
simplified expressions used in the past are no longe 
An an 


ysis, including some of the nonlinear terms, was mad 


applicable to current aircraft configurations. 
by Stone.’ In this analysis serious differences wer 
found in comparison with the more simplified 
pressions. <A solution of the equations linearized abou 
accelerated flight condition is presented by Etkin an 
Collette*’ which also shows considerable difference fro: 
the simplified method. 

An approximation for the sideslip angle that has 
been proposed recently is that the sideslip angle | 
assumed equal to the angle of attack. This approxi 
mation is expected to be particularly valid for aircrajt 
whose inertia is concentrated along the fuselage longi 
tudinal axis and for the first 90-1S80° of high velocity 
rolls initiated from high angle of attack conditions. 

Four methods of predicting the vertical tail angle oi 
attack and corresponding load are compared in this 
paper. The methods are: 

(1) The simplified equation for the vertical tail loa 
presented by Kelley. 

(2) The assumption that 6 = a. 

(3) A solution of the equations of motion in which 
the angle of attack is held constant. 

(4) A linearized solution of the equations of motion 

Numerical solutions of these methods for three air- 
plane configurations form the basis for this comparison 
The configurations are those currently most popular 
straight-wing, swept-wing, and delta-wing. 
of these airplanes has a different design criteria, load 
factor, etc., comparisons regarding rolling pull-out 
characteristics cannot be made between the three 
configurations used. 
of the methods of calculation—which are common t 
all configurations—are of concern here. 

In general, it may be said that this paper attempts U 
define more precisely the attitudes of the airplane i 
the rolling pull-out maneuver. The more precisel) 
this is done, the more accurate are the loads determined 
from these attitudes. It is felt that in this approach 
more realistic and rational design loads will be obtained 


ANALYSIS 


The maneuver considered in this paper 1s an ul 


coordinated rolling pull-out at 2/3 of the design lim 
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ANALYSIS OF A 


TABLE 1 
\irplane Configuration Characteristics 


Vertical 
Quarter Tail 
Aircralt Chord Aspect Taper Area Wing 
Configuration Sweep Ratio Ratio Ratio Loading 
Degrees Ct/ Cy dr/S Wt./S 
Ibs. /ft.* 
Straight 0 $50 0.50 0.073 64 
Swept 15 5.50 0.60 0.138 107 
It 37 3.75 0 0.110 57 


Delta o 


load factor. This maneuver is initiated from a banking 
turn of the proper load factor by application of abrupt 
pposite aileron to maximum deflection except as 
limited by maximum available hinge moment or the 
uileron The load 
constant value by fore-and-aft manipulation of the 
stick. The held in the undeflected 


position. 


factor 1s maintained at a 


st ps. 


rudder 1s fixed 


Four different methods for the determination of the 
sideslip angle, the vertical tail angle of attack, and the 
vertical tail load during a rolling pull-out maneuver 
ire presented here. The vertical tail load 1s assumed to 
consist entirely of the air load acting on the total verti- 


cal tail area without any inertia relief. 


Three airplane configurations are considered in this 
These configurations are typical of the present 


paper. 

day state of the art and consist of a straight-wing, a 
swept-wing, and a delta-wing type. Pertinent geo- 
metrical characteristics are given in Table 1. The 


ierodynamic characteristics for each of the configura- 
tions were obtained from wind-tunnel tests and theo- 
methods. All 
methods used the same aerodynamic characteristics for 


retical calculations using acceptable 


each airplane configuration. Since the aerodynamic 
parameters used are representative of those aircraft 


types considered, they are not included in this report. 


It is reiterated that, since each of these configurations 
is designed to a different design limit load factor, no 
comparisons can be made between the various con- 
figurations. The use of these different types is to de 
termine the difference, if any, that the various con- 
figurations have upon the methods used to determine 


the vertical tail load. 


1) Simplified Equation for Vertical Tail Load 


Kelley’ gives two expressions for the vertical tail 
load. 


of freedom 


These loads are computed using a single degree 
the linearized, uncoupled, yawing moment 
equation. The equation which is of interest here is the 
rolling pull-out vertical tail load derived in reference 
+ and modified in reference 5. The vertical tail load 
is due to the yaw produced by the aileron deflection 
ind is determined by 


: ’ . n Wt. (Pb (C 
Fer = de So Cra Bmaz = —~ Sq 
i Sy (ee (Crs 


rhe corresponding maximum sideslip angle is 
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mb - 
Fic. 1. Mass distribution of the airplane 
C, (Pb l Cr Cig4°5a = 
3 ar = = z 


i (2s) Cus $ Cy3C 


and this value is assumed equal to the vertical tail angle 
of attack. 


(2) The Assumption that 8 = a 


In recent years it has become more apparent that the 
mass distribution of modern high-speed airplanes has 
an important effect on the maximum sideslip angles 
attained in rolling pull-outs. It is obvious that an 
airplane which has the major portion of its mass in the 
fuselage will tend to rotate about the longitudinal body 
axis when the ailerons are deflected. If the airplane 
is at an angle of attack when the ailerons are deflected, 
the assumption is made that the initial angle of attack 
is translated into a sideslip angle at a roll angle of 90 
This sideslip angle at 90° roll is assumed to be the 
maximum sideslip angle that occurs in the maneuver. 
Based upon this approximation, the vertical tail load ts 


F, , 2 (Cea v Ya oe A 5 


Neihouse® presented a convenient way of determining 
to what extent the particular airplane configuration 
under study has its mass distributed along the fuselage. 
Fig. 1 reproduces this chart with the three aircraft an 
alyzed in this report shown on it. According to this 
assumption, the swept-wing airplane considered in this 
paper should have a sideslip angle approximately equal 
to the airplane initial angle of attack. This approxima- 
tion is not expected to be as true of the other two air- 
craft considered, since they are further down on the 
chart. It is noted that the placement on Fig. 1 of the 
three configurations analyzed here does not imply that 
all airplanes of that general plan form plot in the same 


region. 
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3) Constant Angle of Attack Solution 


The constant angle of attack solution prepared in this 
paper is based upon the exact Eulerian equations of 
motion which may be found in any standard refer- 
ence.!” !! Jt is felt that several assumptions may be 
made without impairing the accuracy of the solution. 
The assumptions and conditions of this analysis are 

(1) The forward velocity is assumed constant. 

(2) A constant angle of attack is maintained which 
is assumed to result in a constant load factor through- 
out the maneuver. 

(3) The drag forces are assumed in balance by the 
proper thrust variation. 

(4) The pitching moments are assumed in balance 
by the necessary variation in elevator angle. 

(5) The aerodynamic forces are assumed to be ex- 
pressible in terms of constant stability derivatives. 

(6) Aeroelastic corrections are applied to the sta- 
bility derivatives. 

In Appendix A the Eulerian equations of motion are 
subjected to the above six conditions and assumptions. 
This results in six first-order, nonlinear, differential 
equations. It is noted that this solution, as shown in 
the appendix, provides an exact relationship between 
the Eulerian angular velocities and the rotational ve- 
locities of the airplane regardless of the size of the 
angles involved. The solution of these equations is 
obtained by a numerical integration performed on digi- 


tal computing machines. The time increment of inte- 









0 
id\ t : } } aM ; -2 





~ 
~ L . 
} ~ } 
oe 


2, Airplane response in a rolling pull-out maneuver 


gration was varied so that an extrapolation to the cor 
rect solution (Af = 0) could be made. 


The results obtained from the numerical integratio: | 


are in the form of time histories of the variables P, ( 
and R, which define the change of airplane attitude 
These quantities are plotted in Fig. 2 together with th 
sideslip angle 8 and the elevator angle necessary t 
maintain the constant angle of attack. 

The vertical tail load is computed from the respons 
of the airplane in the rolling pull-out maneuver. The | 
load on the vertical tail is 
Fur = Son da (Cra)e Ot 
—B + (R1,/Uo) — (P 1,/ U0 | 


where a= 


The major contribution to the vertical tail angle 
attack is the sideslip angle, 3. 
It should be noted that the rolling velocity contribu 





so much so that tt 
Due to this 


tion is of significant importance 
cannot be excluded from the analysis. 
contribution, the peak tail load may not occur at Dp 
and thus a time history of Fy-7 is necessary in order t 
determine the peak load. 


4) Linearized Solution 


Linearization of the Eulerian equations of moti! 
The method of small per | 
turbations from a steady condition is used to lineanz 
The initial condition of a steady bank 


is given in Appendix B. 


the equations. 
ing turn at *’3; of the design limit load factor 1s use 
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Maximum vertical tail load factor during a rolling pull- 
out maneuver. 


Fic. 4. 


as the steady condition about which the equations are 
linearized. It should be that this pro- 
cedure results in additional terms due to the steady 
not occur in the 
equations for level flight. It is also noted that, unlike 
the constant angle of attack solution, this solution, 
since it is linear, will inherently not give a correct solu- 


mentioned 


accelerations which do linearized 


tion when the angles involved are as large as these ob- 
tained in this analysis. 

The conditions and assumptions used for the exact 
analysis are also pertinent to the linearized analysis. 
After application of the conditions and assumptions 
(see Appendix B) three second-order linear differential 
equations result. An exact solution to these equations 
is easily obtained on an electronic differential analyzer. 
The solution is again presented as a time variation of 
the aircraft velocities, P, Q, R, and the side-slip angle 
B. 

The vertical tail load is computed in the same manner 
as for the constant angle of attack solution of Section 


(3)—according to Eq. (4). 


COMPARISON 


Time history solutions for the airplane velocities are 
available only for the constant angle of attack solution 
and the linearized solution. A typical case for each of 
the three aircraft configurations considered is given in 
Fig. 2. The results of both of these analyses are shown. 
The elevator angle has not been computed for the line- 
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arized case. It is obvious that the linearized solutio; 
while retaining some of the essentials of the constay 
angle of attack solution, does not provide so accurat; 

solution to the attitude of the airplane. 
error depends upon the dynamic stability of the gir 


The order 


In som 
cases investigated, the linearized solution predicted 


plane, but in general is about 25 per cent 


dynamically stable aircraft during the maneuver, whi 
the more exact constant angle of attack solution show 
that the airplane was actually extremely unstable 
divergent. 

Since both other simplified methods 
B= a 
during the maneuver which are the first cycle peak val 


Kelley an 
give values of the maximum sideslip angk 
ues, these first cycle peak values are used throughout 
the comparison. It is felt that the pilot will not 
carry the rolling pull-out maneuver much beyond th 
first peak values, and certainly not so far as the secon 
peak Air that th 
maneuver be considered only until a roll angle ; 


values. Force criteria specify 
twice the steady-state initial bank angle is attained 
and Navy criteria specify a roll angle of not more thar 
60°, or until constant rolling velocity is attained 
whichever is later. In all cases calculated for all thre 
airplanes, the second peak of 8 occurred after the maxi 
mum roll angle specified in either criteria had bee: 
attained. 

As the delta configuration is a recent innovation, 
more extensive analysis for this type was undertaker 
Of particular interest is the comparison of the fou 
methods considered herein for this plan form. Th 
final output of the mathematical analysis in each ¢ 
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MAXIMUM VERTICAL TAIL LOAD FACTOR 


Fic. 7. Maximum vertical tail load factor during a rolling 
pull-out maneuver as a function of altitude for the delta-wing 
configuration 


the cases considered is the vertical tail angle of attack. 
The two simplified methods assume this is the same as 
the sideslip angle of the airplane, whereas the vertical 
tail angle of attack is actually calculated in the linear- 
ized and the constant angle of attack solutions. Fig. 3 
presents this maximum vertical tail angle of attack 
during a rolling pull-out maneuver for the delta-wing 
configuration at sea level, 10,000, 27,000, and 35,000 
ft. These curves are for a typical case and are repre- 
sentative of both the straight- and swept-wing con- 
figurations. For comparative purposes, the maximum 
(first peak) vertical tail load factors obtained by each 
of the four methods are plotted in Figs. 4, 5, and 6. 
From these comparisons, it may be seen that the 8 = a 
method is not universally applicable to all aircraft con- 
figurations. The swept-wing configuration, for which 
the best agreement was expected, has, instead, the 
greatest deviation from the constant load factor solu- 
tion, while the straight-wing configuration shows the 
closest agreement with the constant load factor solu- 
tion. The failure of this method to predict the vertical 
tail load for any aircraft may be attributed to two 
causes: the dynamic instability of some of these air- 
planes and the inherently high angle of attack character- 
istics of other configurations. The dynamic instability 
causes very large sideslip angles which were not expected 
in the simplified theory from which the 8 = a@ approxi- 
mation was derived. On the other hand, certain con- 
figurations, such as the delta, have such inherently large 
angles of attack that the resulting sideslip angles are 


too large when compared to those obtained from 4 
constant angle of attack solution. 


The Kelley method is an improvement over 4 


8 = a method although it also suffers when the 4; 
plane has low stability or is unstable. The agreemey; 


between the Kelley method and the constant angle 
attack method is better at sea level than at altity 
for the delta-wing configuration since the stabil 
decreases as the altitude increases. A_ plot showj 
the vertical tail load factor for the delta wing as 
function of altitude is given in Fig. 7. The Kel 
method gives a reasonable solution at sea level, but ¢} 
agreement rapidly declines as the altitude increase 
For the critical vertical tail design condition at 27,( 
ft., the tail load from the Kelley method exceeds | 
57 per cent that obtained from the constant angle 


attack analysis. The critical condition also changes 


from a subsonic one for the Kelley method to a super 
sonic Mach Number for the constant angle of attac} 
solution. 

As might be expected, the linearized method of anal 
ysis is a marked improvement over the more simpli 


fied methods. However, the linearized method does 


not, in some cases, accurately predict the damping i 
the dynamic mode of oscillation. For the cases i 
which the damping does not become violently w 
stable, the linearized method may be used within a: 
accuracy of 20 per cent. 

It is felt that the constant angle of attack method 
solution provides a reasonably precise representati 


of the airplane attitude and therefore, of the four | 


methods presented, the most exact value of the verti 


tail load. The results of this analysis indicate that 


the critical vertical tail load condition has no relatio: 
to any particular point on the load factor-velocity dia 
gram. 

The dynamic stability, as measured by the damping 
in the ‘Dutch roll’’ mode, is affected by the metho 
of calculation. Fig. 8 shows the comparison of th 
time to damp to one half amplitude as computed by the 
constant angle of attack and the linearized method 0 
analysis for each of the three configurations. In the 
transonic Mach Number region the constant angle 0! 
attack solution predicted instability, while the linear 
ized method indicated a stable motion. Unstable 


motions are not plotted on the curve; however, tt 


degree of instability increases as the altitude increases 
Since damping values are difficult to measure, Fig. » 
should be regarded as an indication of the trend rather! 


than a measure of precise values. 


DISCUSSION 


The accuracy of the maneuver described in this 
paper in simulating an actual flight maneuver is ¢ 
pendent on several of the assumptions made in #! 
analysis. An implied assumption is that the pilot wi 
continue the maneuver regardless of the acceleratio 
developed. The side load factor experienced by t! 
pilot is a good measure of the feasibility of using this 
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ANALYSIS OF A ROLL 


meuver as : If the side loads 


man 1 design load criteria. 
= excessive, the pilot will tend to relieve the loading 
by reducing the aileron deflection by attempting to 
coordinate the rudder to reduce the sideslip, or by re- 
iycing the vertical load factor. As shown in Fig. 9, 
the peak side load factor of the airplane C.G. for all 
three configurations is a reasonable magnitude—when 
mputed using the constant angle of attack solution. 

[The assumption most open to question is that one 
1 constant angle of attack rather than 


In the event that large 


which assumes <¢ 
constant elevator deflection. 
levator deflections are necessary to maintain the con- 
stant load factor, it is felt that the pilot will tend to 
In Fig. 10, the elevator time 


keep the elevator fixed. 
Numbers for the straight- 


histories for several Mach 
and delta-wing configurations at sea level are plotted. 
As can be seen from that figure, fairly large elevator 
deflections are required at the lower dynamic pres- 
sures. However, the change in elevator angle up to the 
time at which 8 is a maximum (first peak) issmall. The 
eflect of keeping the elevator at a constant angle will be 
to change the value of the pitching velocity, Q. As 
can be seen from the comparison of the linearized and 
the constant angle of attack methods, a large variation 

) does not make a very large change in the sideslip 
gle, 8. It may be that, for configurations which 
have very high rates of roll, Q may appreciably affect 


in ( 


the sideslip angle. 
An important effect of maintaining constant elevator 


ING 
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deflection which has not been investigated 1s its effect 
on the dynamic stability of the airplane. By keeping 
the elevator fixed, the damping and spring forces of the 
longitudinal degree of freedom will affect the stability 
of the directional degrees of freedom through the non- 
linear inertial coupling. Whether the effect will be 
stabilizing or destabilizing is not known at this time. 
An insight into one of the reasons for the failure of 
the more simplified methods to predict the proper tail 
loads may be obtained from a consideration of the 
dynamic stability of the airplane in question. The air- 
plane may be likened to a simple oscillating system to 
which a sharp input is applied. The damping present 
in the system will determine the peak magnitude of the 
response. The abrupt manner in which the aileron de 
flection is applied forces the dynamic response of the 
“Dutch 


the peak 


airplane. The damping in the oscillating or 
roll” 


magnitude of the sideslip angle as well as the other dy- 
The exact magnitude 


mode will determine, to a large degree, 
namic responses of the airplane. 
of both the steady-state and the dynamic overshoot, or 
peak, value of the sideslip angle will vary with the air- 
craft configuration being investigated. 

The point to be noted here is that the linearized 
methods of analysis do not predict the correct value of 
This is evident 

It is seen that 


damping in the oscillatory mode. 


from the observation of Figs. 2 and 8. 
inertial forces reduces 


the inclusion of the nonlinear 


the damping and may, in some Cases, cause instability. 
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The decrease in damping is also seen to be more 
severe at high altitudes. The reason for this is because 
the nonlinear inertial forces are not a function of alti- 
tude while the aerodynamic forces decrease with alti- 
tude. Therefore, the effects of the nonlinear inertial 
forces become more predominant at high altitudes. 

The region in which rolling pull-out loads are usually 
considered critical is the subsonic speed range at low 
altitude. The loss of damping at altitude mentioned 
above makes the investigation of rolling pull-out loads 
necessary at high altitudes and Mach Numbers. 

Recent accidents have indicated that some consider- 
ation should be given to the reduction and sometimes 
loss of stability in rolling pull-out maneuvers at high 
Mach Numbers and high altitudes. It may be that 
the pilot, trying to correct for this decreased stability, 
actually has such a reaction time lag in his movements 
that he is aiding the instability by his stick move- 
ments, rather than increasing the stability. 


CONCLUSIONS 


The significant aspects of this analysis may be 
generalized as follows: 


(1) The simplified methods of analysis, when com- 
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pared with the more precise solutions, do not provid 
a reliable measure of the vertical tail angle of attag} 
and consequently, the vertical tail load. 

(2) The linearized equations do not provide a eo 

sistently accurate solution. They fail to indicate th, 
loss in directional dynamic stability at transonic Ma 
Numbers and high altitudes due to the nonlinear inertj, 
forces. 
in this Mach Number and altitude region, the failyy, 
of the linearized equations to provide an accurate soly 
tion precludes their use in a thorough investigation 
vertical tail loads. 
(3) The accuracy of the vertical tail loads obtaine 
from the constant angle of attack analysis is felt to hy 
comparable to the current structural design practice 
This solution shows that the loss in directional dynami 
stability while rolling may lead to high sideslip angles 
in the unstable region. This instability is caused by the 
nonlinear inertial forces combining with the unstabk 
tendency of the aerodynamic derivatives in the tran 
sonic Mach Number region. Thus, critical 
tail loads may be expected in this region due to th 
loss of stability. 

(4) The maneuver analyzed herein does not exactl 
simulate an actual maneuver, in that the pilot, instea 
of holding constant angle of attack, may tend to kee 
a constant elevator deflection. It is felt that the first 
peak sideslip angles, if based upon a constant elevator 
deflection solution, would not be altered to any great 
extent from the values calculated herein. 

Extension of this study should be made to include 
refinements of the assumptions and conditions of th 
analysis, (2) further analysis of specific configurations 
and (3) comparison with measured flight-test data. 
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ANALYSIS OF A ROLLING PULL-OUT MANEUVER 27 
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' Etkin, B ind Collette, J. G R., Vertical-Tail Loads in the Oe 
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- Perkins, C. D., and Hage, R. E., Airplane Performance Sta- 
ind Control, First Ed.; John Wiley & Sons, Inc., 1949 | Z axis 
Dynamu f the Airframe, BuAer Report AE-61-411, Sep Fic. A-1. Standard NACA coordinate system 
mber, 1952. 
These equations define the instantaneous angular and 
linear velocities of the C.G. with respect to a coordinate 
APPENDIX A system attached to the airplane and moving with it. 
The angular relationship that exists between the mov- 
Equations of Motion for the Constant Angle of Attack ing coordinate system at any time and a fixed reference 
Solution in space, without regard to the distance the moving 
: . . . j . system has moved from the reference, is given by 
[he Eulerian equations of motion for an airplane : 3 ‘ aa é; 74 
é means of the Eulerian angles. They are, in order of 
with symmetry about the xz plane are (the standard Net ; 
ON ay ; e their application, 
NACA coordinate system is used, Fig. A-1 
; : : = yaw of the airplane— positive nose right 
X¥ =m(U+QOW-—RI ee I om 
: ms — , YY = pitcn o! the airplane Ositive nose up 
y = m(Vv+ RU — PM a Ce : ipo 
. : ¢ = roll of the airplane— positive left wing up 
£ - ml I] 2. P| = Ql ] ] | 
(la a ; ‘ 
L=I1,P I,,R+ (UU, — I,) OR — I. PQ rhe coordinate transformation that expresses the 
V LO + I,, (P? — R*) + Ud, — I.) RP angular relationship between the moving and fixed 
\ I.R [,,P + 1,,0R + U, — I,) PQ coordinate system is as follows 
y COS y COs Y COs ¥ sin y — sin ¥ x’ ad 
—cos ¢ sin p cos Y cos ¢ , ; ; 
y : ; : sin ¢ COS 4 y AY . 
“|= + sin ¢ sin y cos ¥ + sin ¢ sin y sin y ; = 7, (2a) 
—sin ¢ cos ¥ : p 


. /sin ¢ sin ¥ 
% ( + cos ¢ cos ysin 4 


[he time rates of change of the Eulerian angles, which 


re not orthogonal, are 


rf, sine cos ¢ 
ly ) 
| cos ¥ cos ¥ ‘*) 
; a 
y U cos¢ —sin ¢ V 
L¢ l tanysing tany cos¢ R 


\pplying the assumptions and conditions set forth in the 


ina lysis, the first and fifth Eulerian equations—the 
lrag and pitching moment equations—are set aside. 
lhe condition of constant load factor allows WW” = 
’= 0. The Eulerian Eqs. (la) then become 
m(V+Rl 
Z=m(Pl Ol | 
La iP- 284+ o,~ Rees “ 


! oe | 
I.R I,,P + I,,QR + (UU, — I,) PQ 
Y, Z, L, and N- 


thrust, aerodynamic, and weight 


he external forces and moments 
re composed ot 
rhe aerodynamic and thrust forces may be 


i me bi ‘ 
‘ehned in terms of the velocities measured with respect 


+ COs © sin 


a 


y ~ “ 


° , ) COS ¢ COS 
y sin y 


to the coordinate system moving with the airplane. 


The principal aerodynamic and thrust forces con- 
sidered in this analysis are 
ey 
Ve = G5 1.C,8 + + ¢ 
ay 21 2UJ 
Zi. = 2eMe 
Qh 
I Sb | Cig8 + C t 
21 
Pb 7 a) 
( + Cis, 6 
2 | 
na fn Rb 
Na = qaSb| Cig 8 + € 
‘ 2 


The weight forces must be referred to the fixed co- 
ordinate system so that the proper direction of the 
gravity vector is maintained. The original position 
(t = 0) of the moving coordinated system is coincident 
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of the weight force in this position are 














X» = 0 
..., e----4 Xi 
VY, = mg sin By 
AILERON * 
DEFLECTION Zn = me cos @, 
8. * SLOPE=MAX RATE OF DEFLECTION 
The weight force components at any subsequent ti 
are transformed by the same transformation as ¢} 
coordinates. 
t- TIME — 
Fic. A-2. Aileron deflection forcing function. [ x 7 () | 
: : , hats Fe /,| mg sin ® 7 
with the fixed reference system which is in a banked y me cos ® 
position. This initial condition is such that the x axis 2 
is level and the y and gz axes are rotated from the hori- After inserting the external forces and solving fo 
zontal and vertical by an angle #. The components the first derivatives, the Eulerian Eqs. (4a) becon 
B qaS [ _ Rb . » g 4 
—— = —-R + ae ete ge i Ag to 
cos” 8 ml 2U 2U Uo 
[(cos g cos YW + sin ¢ sin y sin W) sin ®u+ sin ¢ cos vy cos 4 
ng g , . : 
Q = Ptans + — —- i lcos ¢ cos y cos ®) — (sin g cos Y — cos ¢ sin y sin W) sin Py] 
, RO Fi. gaSb ' Pb . 
P = (1.1, — I, — I”) +}(U.+ /, — I,) PQ + 7, C, + ide) — + 
I I I 2U the 
_ Na 
, _ \ Rb — . eo 
(I.C,, + Lr2 Cry) aU + (L.Cig + Le2Cng)B + (12Cis, + LrzCns4)b4 
: Bee ? 7 PQ gaSb : , Pb 
R= 1, = f,—-f4) RO + (2? + I,? — 1,1) oS Us Ci + 1,C,,) —— + 
I I I 2U; 
_ , Rb , grid 
(130i, - Tar) OU + (L,:Cig + [rCng)B + (Le2Cis, + 1,Cns,)6: 
where B= tan V/0, and J = 11. — 1 


Together with the Eq. (3a), the above equations form six first-order, nonlinear, differential equations. The inde. | 


pendent variables are 8, P, R, y, y, and ¢. 


The rolling pull-out maneuver is initiated from a coordinated banked turn. The initial conditions for the set Th 
Eqs. (Sa) and (3a) are those prevailing in a banked turn. not 
ind 
®, = cos! (1/n) ) 
R = (g/Uo) sin & 9a 
Q = (ng/Uo) — (g/Uo) cos ®,) 
In addition, P = P = 8 = 8B =0. The initial values of the Eulerian angles are zero, Yo = yo = gy = 0. Constant 
aerodynamic trim forces are put into the equations so that the initial conditions P = R = 8 = O are satisfied. 7! Th 


aileron deflection serves as the forcing function and is of the form shown in Fig. A-2. 

A simple numerical method of integration was used to solve the equations. The first two terms of a Taylors e& 
pansion of the independent variables was used to give the variables at time = (k + 1) At in terms of the variables 
and their derivatives at time = kAt. For example, 

By = (ke + at = Br = ear + A+B; = eas 


y 


The derivatives at time = RAf may be computed from Eqs. (Sa) and (3a) starting with the initial conditions, Eq. 
: | g 


APPENDIX B 


Linearized Equations of Motion 

The method of small perturbations is used to linearize the Eulerian equations of motion. Since the initial con! : 
tion for the maneuver considered in this paper is an accelerated flight condition the equations are linearized abot! 
the initial conditions. The initial values of the variables in a banked turn are given in Eqs. (9a). The variables at 
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U=l 
V =v = Us 
WV =O 
; Pas lb 

0 =Q+494 
R=R+r 

“quent tin 

tion as tt \fter substitution, the Eulerian equations become 


m(Ry + r) UB 

mB+ Ro + rn 

m(pB — Qo — q)Uo ob 
Ip — 1,4 + Ud. — I,) (Qor + Rog + QuRo + rq) — Ir2(pQo + pq . 
f= 14+ 1,.[p? — (Ro + r)?] + Ud, — I.) (Rop + pr) 


= [7 — [2p + Iz (QoRo + Qor + Rog + rq) + Uy — Ir) (Qoep + gp 


1 
2enNnae 


solving for 





fa) becon 
4 \ssuming the perturbations are small, the product of perturbations may be neglected. Since the motion is restricted 
small deviations from the initial conditions, the Eulerian angles are also assumed to be small so that sines are equal 
to the angles and cosines are equal to one. The relationships between the time rate of change of the Eulerian angles 
nd P, QO, and R, are simplified, due to the above considerations, to the following equations 
b,] 
pP=¢ 
Q+q=i+7 (3b 
Ry tr =Wot+ m) 
Setting aside the drag and pitching moment equations according to the assumptions and conditions of the analysis, 
the Eulerian equations become 
\a 
nUl(B+W+¥ da }Cyg3 + Cy [(Wo + $b /2Us)] + C,, (¢b/2U0)§ + mg (sin &) + ¢ cos & 
-mU(Ty + 7) = —n mg + meg (cos & — ¢ sin & 
Lé—I.4+ Ud, -1,) tw + Woy) -— Lhe + Ud -— 1,)Poto = (4b) 
. t 


GaSb + Cig + C1, (¢b 2Ue) + Ci, [(Wo + Yb 2U5] + © 5404 | 
Id — [2¢ + [,(Toh + Woy + Too) + Uy — Jr) Poe = qaSb [C8 a Cw (gb/2U') + 
Cy, [ (Vo 4 J h 2 ] - C¢, 549A 


Att = Othe initial values of ®, I’), and Wo are 


; ® = cos! 1/n 
The ind | Io = (ng/Uo) — (g/ Us) cos & (Sb 
le inde sige 
Wo = (g/Uo) sin Bo 
the set rhe initial values of the forces and moments in the banked turn are in balance so the initial forces and moments do 
not appear in the equations. The small aileron and rudder trim forces necessary to maintain this balance are not 
indicated. The equations expressing the change from the initial conditions are 
W ( ae = 4 © ip f. ms (jth /OT? e 5 on OF7.\2 LL. Ag 
03 mU(B + ¥) = gaS[Cy8 C,, (yb/2l C,,(¢b,/2Ue) ] mg ¢ sin ® | 
mU yy mg o sin ® GI 
. 2 ~’WT ‘ . fy , J 7 J e ? 8) 
Ig | RY ¥: I, - I, (Tey . Woy F [Vue = gad | ¢ 33 T Ci,(wo 2l re p\ GO 2( T Cls404 | | 
’ ly T,.¢ + 1,(To + Wey) + UT, -— Lhe = gaSb [Crg8 + Ca, (Wb/2U0) + Crp(Gb 2U5) + Cns45a] 
Constant : , . si, ’ 
ed. Th These equations consist of two second-order and one first-order differential linear equations which may be solved on 
} an electronic differential analyzer. The aileron deflection is the forcing function, and its shape is shown in Fig. A-2. 
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The Design and Testing of Supersonic 


Flutter Models 


JOHN F. McCARTHY, JR.,f anb ROBERT L. HALFMAN? 
d Massachusetts Institute of Te thnology 


SUMMARY 


The basic problems of flutter testing in the low supersonic 


speed range (Mach Number 1.2-2.1) are outlined. The re- 
quirements for models which simulate full-scale airplanes when 
Mach Number is included as a parameter are reviewed and are 
compared with those where velocity is scaled so that flutter occurs 
in the range of a low-speed wind tunnel. 

A particular type of construction for supersonic flutter models 
Methods of vibration testing, static testing, 


Particular emphasis is placed 


is described in detail. 
and flutter testing are discussed 
on the technique of varying flow parameters rather than model 
parameters to precipitate flutter. The tool for varying flow 
parameters is the variable Mach Number supersonic test section 
of the Massachusetts Institute of Technology Blowdown Wind 
Tunnel. The aerodynamic features of the supersonic test section 
are presented. 


SYMBOLS 


b = semichord of wing 

( = wing chord 

c.g. = chordwise center of gravity location as fraction of 
chord 

ea = chordwise elastic axis location as fraction of chord 

EI = bending stiffness 

GJ = torsional rigidity 

he = moment of inertia in pitch per unit span 

J = torsion constant 

k = reduced frequency, wh/V 

[ = length 

m = mass of wing per unit span 

M = Mach Number 

P, = Prandtl Number 

aa = dimensionless radius of gyration in pitch, Y Ja/mb? 

RN = Reynolds Number 

t = time 

t = maximum thickness of airfoil 

1 = absolute temperature 

V = velocity 

7 ratio of specific heats 

m mass ratio m/ pb? 

p = air density 

w = flutter frequency 

We = torsional frequency 
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Subscripts 


A = airplane 
MT = model 
0 = wing root 


INTRODUCTION 


§ be PHENOMENON OF FLUTTER, the self-excited os 
cillation of an elastic structure in an air stream, ap 
At first 
designers could apply only crude corrective measures 


peared early in the development of aircraft. 


and it was not until the early 1930's that aeronautical 
scientists were able to fashion promising theoretical 
Although ex 





approaches to the problem of flutter. 
perimental work lagged behind the theoretical attack 
the flutter problem in incompressible flow had become 
quite tractable by the end of the second World War 
Both the theoretical and experimental approaches wer 
well developed and understood. Until the advent ( 
transonic and supersonic aircraft, these techniques wer 
adequate for the airplane designer. 

Unfortunately, the trend towards higher speeds, in 
creased structural flexibility, and lower aspect rati 
lifting surfaces as well as the growing use of large ex- | 
ternal stores so aggravate the flutter problem that is it 
now often a primary design consideration rather than | 
an occurrence that can be remedied fairly easily. Be 
cause of the questionable reliability of existing methods 
of flutter analysis in the high-speed range, the airplane 
designer calls on the experimentalist to provide data 
that are immediately useful and that can be used to con 
firm theory. Much has already been done in the tran- 
sonic range using rockets, bombs, sleds, and wind tun | 
nels. It is the purpose of this paper to review the prob- | 
lems associated with flutter testing in the supersonic | 
speed range and to present some of the solutions which | 


have proved useful. 


MopEL THEORY 


The dimensionless answers which one hopes to obtain 
from a model test are the values of 1/7, k, and w/a, a 
flutter and the flutter mode shape. In order to achieve 
these answers, the flutter model must simulate the aero 
dynamic shape and the distributions of mass and stifi 


ness of the full-scale airplane. For bare wings of reason 





ably large aspect ratio, this simulation can be expresse¢ 
in terms of certain dimensionless parameters at ever) 


spanwise station of the model. These dimensionless 


parameters, which can be derived from basic flutter 


theory,’ 4 are as follows: 
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m/Mo, EI/(EI)o, GJ/(GJ)o, e.a. 
though airfoil shape is easily simulated, it is probably 
{ secondary importance in the flutter problem. For 
ings where chordwise deformations are appreciable, 
the chordwise as well as the spanwise distributions of 
ass and stiffness must be simulated. If the distribu- 
tions of mass and stiffness are properly matched accord- 
ing to model theory, it follows that the natural fre- 
uencies and mode shapes are also matched. For 
the structural damping coefficients, the model designer 
can hope only to obtain the correct order of magnitude 
in his final product through his choice of structural ma- 
terials. 

[he dimensionless parameters related to the flow are 
uand VV. The additional parameters, R.V, P,, and y, 
re probably of secondary importance and, except for 7, 

mot usually be simulated. The designer achieves 
the highest Reynolds Number possible by using as large 
a scale model and as high a fluid density as practical. 
He has little or no control over the Prandtl Number. 


Once the dimensionless parameters of the problem 
have been fixed, the designer turns to model theory to 
obtain dimensional design quantities for the model. 
Corresponding to the three primary scale factors, length, 
mass, and time, the designer can choose to satisfy only 
three independent design limitations. The length scale 
factor is usually determined by the size of the wind 
tunnel or by the available space for installation if the 
tests are to be conducted in the atmosphere. The 
density of the gas in which the model must be tested 
determines the mass scale factor between airplane and 
model since « must be simulated. The speed range of 
the wind tunnel-—or, for high-speed testing, duplication 
of Mach Number at 


determines the time scale. 


a reasonable gas temperature 
From these primary scale 
factors the designer can calculate the scale factors and 
thus the model values for running mass, bending sti‘f- 
ness, etc. 

At this point, the primary difference between high- 
speed and low-speed flutter models becomes apparent. 
For low-speed flutter models, the time scale between 
model and airplane is determined by the length and 


velocity ratios 


= (Ly La)(Va Vis 


tay ts 


Both these ratios are determined by properties of the 
low-speed wind tunnel and are of the same order of mag- 
tude. For example, a velocity ratio of 1/10 could be used 
lora 1 10-seale model which simulates a fighter whose 
maximum speed is 500 m.p.h. and which is to be tested 
ina wind tunnel with a maximum speed of 90 m.p.h. 
rherefore, the frequencies of the model are of the same 
order of magnitude as the frequencies of the airplane. 
The resulting model is very flexible in order to obtain 
Most of the 


model's weight is concentrated in nonstructural elements 


ines ; ' 
the low natural frequencies required. 


which the designer concentrates on making light so that 
there is enough disposable mass to obtain the necessary 


mass and inertial properties. 


For high-speed flutter models, duplication of Mach 
Number between model and airplane necessitates a 
different order of magnitude for the time ratio, 


ty/ts = (Li La)V Ty T4 


The temperature ratio is usually approximately one so 
that the frequencies of the model are larger than the 
frequencies of the airplane by a factor almost equal to 
the length ratio. Thus high-speed flutter models must 
be stiff in order to obtain the very high natural frequen 
cies required. Space limitations, caused by very thin 
wings, further aggravate the designer's problems. 
Another problem associated with high-speed flutter 
testing has been the difficulty in saving models. It has 
already been shown that the time scale for the high 
speed case is much higher than for the low-speed case 
so that there is much less time to save the model from 
damage. It can also be shown that the stress level from 
airplane to model is decreased for the low-speed case 


and is increased for the high-speed case. 


MopeEL DESIGN 


A simple construction of balsa, aluminum, and lead 
(Fig. 1) has proved useful for supersonic flutter tests at 
M.I.T. The balsa gives the desired aerodynamic shape. 
The airloads are transmitted by the balsa to the alumi 
num spar, whose dimensions, } and h, can be varied to 
control the torsional rigidity and the bending stiffness of 
the model, and whose chordwise location, d, determines 
79ST aluminum alloy was 
Also 
its vield strength is close to its ultimate strength, and 
The rec- 


the elastic axis position. 
selected for the spar because it is light and strong. 


thus a maximum linear range is available. 
tangular cross section allows for ease of computation 
during the design and ease of fabrication in the shop. 
Two pairs of strain gages are mounted on the spar for 
use in the vibration and flutter tests; one pair along the 
elastic axis to pick up bending, and the other at 45” to 
the elastic axis to pick up torsion. Lead weights, fore 
and aft of the spar, are designed so as to give the desired 
mass and inertial properties at each spanwise station. 
The lead is slit before gluing so that its contribution to 


the model's stiffness is negligible. 
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Fic. 1. A typical supersonic flutter model 
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1. Setup for vibration test using electromagnetic shaker. 
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DESIGN AND TESTING OF 
most of the model's stiffness is con- 
It has been found that the bend- 


In this design, 
entrated in the spar. 

+ stiffness of the model can be obtained adequately by 
summing that of the spar and the balsa cross sections. 
The torsional rigidity is about 5 per cent above that 
btained by summing the contributions of the balsa and 
the aluminum. This increase is probably due to the 
glue. In computing the sectional properties, the torsion 
constant of the spar is obtained from Fig. 2.6 The 


formula 


J = (1/6)at* 

in be used to obtain the torsion constant of the balsa 
since / << c. In the computations it is convenient to 
treat the airfoil section as made up entirely of balsa and 
to take account of the balsa cutouts by using fictitious 
values for the | The 
moduli of elasticity and rigidity of the aluminum are 


operties of aluminum and lead. 


decreased by those of the balsa, and the density of the 
lead is decreased by that of the balsa. 

The model is constructed so that the aluminum spar 
extends beyond the wind root chord (Fig. 1 Hard- 
wood blocks are glued to the balsa and lead sections of 
the wing root chord, and the entire assembly is mounted 
it zero angle of attack in a rectangular steel box which 
isopen on one side. In order to insure a good cantilever 
mount, the box is then filled with Cerrobend, a metal 
which expands on 
3). The 
model- 


with a low melting point (15S°F.), 
setting because of its antimony content (Fig. 
box with the model is held in the aluminum 
mount by a series of set screws (Fig. 9). Since the steel 
boxes are easily built, each wing to be tested can be in 
stalled in a box before the tests begin, and rapid change- 


over is possible during the testing period. 


VIBRATION TESTS 


The heavy model-mount also aids in the vibration 
tests in which the method of support and the means of 
excitation must not affect the natural frequencies of the 
wing. The model and mounting block are mounted on 
very soft springs (Fig. +) so that the frequency of the 
model with its support is far below any natural fre- 
quency of the wing. The massive mounting block thus 
simulates a cantilever root condition for the model. It 
is excited by two electromagnetic shakers which can be 
lriven either in phase or out of phase, whose frequency 
is controlled by an audio oscillator, and whose force is 
controlled by the gain of an amplifier. The signals from 
the strain gages, which are fed into a recording oscillo 
graph, are used to detect resonance visually since they 
increase greatly when the frequency of excitation passes 
through a natural frequency of the wing. Quantitative 
measurements of frequency and structural damping are 
obtained by suddenly cutting the excitation and study 
ing the decay of the strain-gage signals on oscillograph 
records (see p. 103 ff., reference 4). Structural damping 
coefficients on the order of 0.02 are achieved for the 
model design described above. 


At the lower frequencies it is sometimes inconvenient 


SUPERSONIC FLUTTER 


MODELS 933 


to apply shaking forces through a softly supported root 
mass, and other means of excitation must be used. Al 
ternating air jets (Fig. 5), whose frequency is controlled 
by a selsyn motor and whose exciting force is controlled 
by the air pressure, have proved satisfactory up to 200 


cycles per sec.® 


STATIC TESTS 


In the static tests, which provide a check on stiffness 
simulation, the measuring devices must not exert dis 
turbing forces on the wing. A useful optical deflection 


measuring arrangement, which gives accuracies of 
+().001 in., consists of a surveyors’ level sighted on glass 
scales attached to the wing or to the loading rig (Fig. 6 

When greater accuracy is needed, an electromagnetic 
Schaevitz coils 


attached 


scheme is used to record deflections. 
(linear variable differential transformers) are 
to the wing by flexures at the measuring points (Fig. 7 

The voltage output of the measuring coil is matched to 
that of 
The master coil 1s attached to a dial gage so that deflec 
the 
When several 


a master coil by a null-balancing servo drive 
tions are indicated directly if the sensitivities of 
measuring and master coils are equal. 

measuring coils are used simultaneously, a switch box 
can be emploved for rapid reading. With this system, 
deflections can be measured to an accuracy of +0.0002 


in 
FLUTTER TESTS 


Apart from the basic design of the models, the chiet 
difference between low speed flutter models and those 
to be tested at supersonic speeds in the wind tunnel lies 
in the aerodynamic problems involved. In incompressi 
ble testing, the model flutters when the flow velocity is 
raised to the flutter velocity. In supersonic flow the 
Mach Number in the test section 1s 
the geometry of the nozzle, and the velocity is a fun 
variable 


a function only of 


tion only of stagnation temoerature. A 


geometry nozzle is required to produce significant 
If a nozzle of fixed geometry 
were used for flutter testing, the Mach Number in the 


test section would be fixed, and the model would either 


changes in flow properties. 


remain stable or flutter violently when it was inserted 


Practically no information would 


stable flutter 


into the air stream. 
result about the location of the neutrally 
condition. In either event, a series of modification to 
the model would normally have to be tried in order to 
bracket closely the desired flutter condition. On the 
other hand, a nozzle of variable geometry would perinit 
a gradual changing of flow conditions until flutter is 
encountered and thus produce a maximum amount of 
useful information with a minimum number of expen 
sive models. 

In order that flutter could be approached from a 
stable flow condition as in the subsonic case, a variable 
Mach Number supersonic test section was constructed. 
This test section was designed to be interchangeable 
Blowdown Wind 


The nozzle is of the asymmetric sliding-block 


with a transonic one in the M.I.T. 


Tunnel. 
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Variable Mach Number supersonic nozzle. 
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Some high-speed movies at supersonic flutter 
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DESIGN AND TESTING OF 


type (Fig. 5), and the Mach Number can be varied 
through the complete range of the tunnel (1.25-2.10) 
during a run by moving the sliding block through its 
1., without any change in the dimensions 


travel of 17 11 
A running time of 


of the test section (14 by 25 in.). 
approximately 35 sec. is available with a 40,000-cubic-ft. 
reservoir at an initial pressure of 30 Ibs. per sq.in. gage. 
The Reynolds Numbers are on the order of nine million 
per ft. of reference length. Flow surveys indicate that 
the flow is very nearly two-dimensional throughout the 
entire Mach Number range. 

The fairly rapid rate of Mach 
possible (more than 0.15.17 per sec.) may raise the ques- 
But if one con- 


change of Number 
tion of unsteady aerodynamic effects. 
siders the number of chord lengths of flow, 
criterion for such unsteady effects, it can readily be seen 
For example, in 


which is a 


why there is no problem in this regard. 
terms of chord lengths of flow, a running time of 35 sec. 
ata Mach Numberof 1.7 in this test section is equivalent 
to about 10 min. of running time at 60 m.p.h. Alterna- 
tively, at least 100 chord lengths of flow pass over an 
average semispan wing for each 0.01 change in Mach 
Number. 

Another problem associated with flutter testing in 
the supersonic speed range is the starting shock which 
originates in the nozzle throat and moves downstream 
If a flexible model were subjected 
There- 


past the test section. 
to the starting shock, it would be destroyed. 
the model is injected into the air stream after 
This condition is de- 


fore, 
supersonic flow is established. 
tected by a static cone located aft of the test section. 
Static pressure rather than total pressure is used be- 
cause the former is much more sensitive to supersonic 
flow than the latter. 

Injection and retraction of the model is accomplished 
by a pneumatic cylinder installed in a steel enclosure 
Fig. 9). 
times of | or less and retraction times of 3 
or less for the complete travel of 20 in. Little is known 
about the flow characteristics during injection or about 
the turbulence caused by the gap in the tunnel wall 
No difficulty arises from 


The present mechanism is capable of injection 


» 


? sec. t sec. 


while the model is retracted. 
these factors, however, since the model can be success- 
fully injected into a stable region (Fig. 11 

A valuable aid in supersonic flutter testing has been 
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high-speed photography (Fig. 10). Besides giving evi- 
dence of model damage, the high-speed movies exhibit 
clearly the exact nature of the flutter mode shape. The 
starting of the high-speed camera is recorded on the 
timing on the 


Therefore, coor- 


oscillograph records, and pips appear 
edge of the film (Fig. 10). 


dination between the oscillograph records and the high- 


timewise 


speed movies is possible so that the condition of the 
model is known at every instant of time. The onset of 
flutter and the flutter frequency can be determined from 
the signals of the model or inde 
pendently from the high-speed movies. The 
tory of the flow in the test section is obtained by re 
cording the stagnation temperature, the stagnation pres 
The position of the start 


strain gages in the 


time his 


sure, and the block position. 
ing shock relative to the test section can be determined 
from the static-pressure trace, and the beginning and 
end of the injection and retraction of the model is re- 


corded by a set of microswitches located at the ex- 
treme ends of the travel. 

Successful flutter tests have been conducted on 
straight, swept, and delta wings with and without 


ailerons. Straight and swept wings with tip tanks have 
been tested for both the cantilever and free-to-roll root 
conditions. It is interesting to that, during a 
flutter test, it may be necessary to inject the model at 
high Mach Number and decrease the Mach Number in 
the test section in order to approach the neutrally stable 
flutter condition (see 1] and 8). 
Also, test section temperatures are generally lower than 


note 


Fig. and references 7 
those encountered in the atmosphere, and model heating 
is not a problem (Fig. 12). Because of the high air densi- 
ties obtainable with a blowdown wind tunnel, the prob- 


Odd 


Continued on page 








Free-Flight Measurements of Skin Friction of 
Turbulent Boundary Layers with High Rates 
of Heat Transfer at High Supersonic Speeds 


SIMON C. SOMMER* anp BARBARA J. SHORT* 
Ames Aeronautical Laboratory, NACA 


SUMMARY 


The average skin friction of a turbulent boundary layer in the 
presence of severe aerodynamic heating has been measured in 
the Ames supersonic free-flight wind tunnel on free-flying hollow- 
cvlinder models at Mach Numbers of 2.8, 3.8, 5.6, and 7.0. The 
skin friction measured under these conditions is appreciably 
higher than the skin friction measured in wind tunnels with zero 
heat transfer, experimentally confirming the trend of theoretical 
estimates of the effect of heat transfer on skin friction 

The 7” method of Rubesin and Johnson was slightly modified 
to fit experimental data for turbulent boundary layers. Pre 
dicted values of skin-friction ratio resulting from use of this 
method were found to be in excellent agreement with the high- 
heat-transfer skin-friction data of the present investigation at 
Mach Numbers up to 7, with the zero-heat-transfer skin-friction 
data obtained in previous wind-tunnel investigations at Mach 
Numbers up to 4.5 and with the skin-friction data for heated pipe 


flow at subsonic speeds 


SYMBOLS 


Cr = average skin-friction coefficient 

cy = local skin-friction coefficient 

MJ = Mach Number 

R = Reynolds Number 

R, = Reynolds Number based on length from effective turbu- 
lent origin to base of tare model 

R. = Reynolds Number based on length from effective 
turbulent origin to base of test model 

Rp = Reynolds Number based on pipe diameter, subsonic 
pipe flow 

St = Stanton Number 

T = absolute temperature 

x = axial distance 

“# = coefficient of viscosity 

p = density of air 


0 = free-stream conditions 
] = conditions at the outer edge of boundary layer 
w = conditions at wall 
i = incompressible flow 
Superscript 


, = conditions at which incompressible flow relations must 


be evaluated in order to represent compressible flow 


INTRODUCTION 


— PRESENT STATE of knowledge of the skin friction 

of turbulent boundary layers at supersonic speeds 

is primarily guided by the experimental data that exist. 

These data are fairly complete for conditions close to 
Presented at the Aerodynamics—I Session, Twenty-Third 

Annual Meeting, IAS, New York, January 24—27, 1955 
* Aeronautical Research Scientist. 


Mach 
Unfortunately, there has been little experimental jj 


zero heat transfer at Nutnbers up to 4.5 
vestigation of the effects of heat transfer and further 
Mach Number on skin 


retical estimates generally agree that skin friction ir 


increases in friction. The 
creases with increasing heat transfer from the boundan 
layer to the wall and decreases with increasing Mach 
Number,*~* but they are not generally in agreement 
quantitatively. Since heat-transfer rates will probably 
be large under conditions of free flight, and since flight 
speeds of interest extend well beyond a Mach Number 
of 4.5, a program was initiated in the Ames supersonic 
free-flight wind tunnel to measure skin friction of the 
turbulent boundary layer under conditions of large heat 
transfer and to extend the Mach Number range for 
which skin-friction data are available. The results oi 
this investigation are reported herein. A more de 
tailed presentation of this material is given in reference 
8 


EQUIPMENT AND TEST CONDITIONS 


Skin friction was obtained from measurements of the 
total drag of spin-stabilized hollow-cylinder models ot 
the type shown in Fig. 1. Test and tare models, identi- 
cal except for length, were gun-launched under the 
same conditions, and total-drag coefficients were com- 
puted from deceleration data. Deceleration of a model 


was computed from its time-distance history which was 
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recorded by a chronograph and shadowgraphs.* The 
difference between the total drag of a test model and the 
total drag of a tare model is, except for small corrections, 
, measure of the average skin-friction drag of the added 
length of the test model. 

Models were 
‘n. outer diameter and 0.030-in.-thick walls. 


75 S-T aluminum, with 1.4 
The test 


models were 2.0 and 2.5 in. long, and the tare models 


made of 


were 0.5 in. long. Two nose contours were used for 
the primary data, a double wedge with a half-angle of 
10° and a circular-are nose profile with a tangent half- 
gle at the tip of 20 The 
polished both inside and out with successively finer 


model surfaces were 
polishing papers and finished with a 4 0 polishing 
The finish of some typical models observed 
interferometer showed the 
peak to valley roughness to be ap- 


paper. 
with a surface maximum 
magnitude of thic 
proximately 20 microinches which is of the order of 1/5 
of the laminar sublayer thickness just behind the transi- 
tion point 

The models were launched from a standard 37-mm. 
rifled aircraft gun, with the twist of the rifling equal to 
one turn in 3 ft. A typical test model assembly is 
illustrated in Fig. 2. The model is protected from the 
rifling by a plastic film wrapper which breaks away from 
The rifled 


aluminum dise imparts spin to the model and the Neo- 


the model as the assembly leaves the gun. 


prene seal protects the model from powder-gas leakage. 

Tests were conducted at nominal Mach Numbers of 
2.8 and 3.9 by firing through still air at one atmosphere 
pressure where the free-stream static temperature was 
equal to ambient temperature. A nominal Mach Num- 
ber of 7.2 was obtained by firing upstream through a 
Mach Number 2 air stream where the free-stream static 
temperature was about 56 per cent of the ambient tem- 
perature. The free-stream Reynolds Number range 
for the tests was from 3 X 10°to9 X& 10°. The Mach 
Numbers and Reynolds Numbers at the outer edge of 
the boundary layer were a little lower than the free- 
stream values due to the flow over the nose profiles. 
The boundary-layer-edge conditions were calculated 
Due to 
the short flight time of the model, about 0.01 sec., the 


by two-dimensional shock-expansion theory. 


model wall-temperature rise was calculated" to be 
to 45 
room temperature of about 530°R.; whereas, recovery 


only about 15 above its initial value of ambient 





‘ 
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Fic. 2. Test model and sabot, exploded view 


FILM WRAPPER 





Fic. 3. Shadowgraph of test modei with boundary-layer trip of 


0.003-in.-deep threads at J, = 3.9 


1,300° to 
the 


temperatures were calculated to be about 
3,200°R. The high rates of transfer from 
boundary layer to the wall are indicated in the large 
differences between the recovery temperatures and the 
The ratio of wall temperature to 


heat 


wall temperatures. 
boundary-layer-edge temperature, 7, 7), ranged from 
1.03 to 1.75. 

Boundary-layer trips were used throughout the pro 
gram to induce a turbulent boundary layer on the sur 
faces of the models. A typical boundary-layer trip 
which consisted of threads cut into the outer and inner 
surfaces is illustrated in Fig. 2. The trip strength for 
each test condition was varied until the least disturb 
ance which consistently caused transition to occur on 
or near the trailing edge of the roughened region was 
found—that is, until no laminar flow was observed in 
the shadowgraphs behind the trailing edge of the trip. 
For illustration, Fig. 3 shows a shadowgraph of a test 
model with 0.003-in.-deep threads used as a boundary- 
layer trip at a Mach Number of 3.9. In the original 
negative, Mach waves produced by the turbulent 
boundary layer can be seen as far forward as the shock 
wave from the trip, and eddies in the turbulent bound 
ary layer are visible at the model edge. This detail 
may be lost in reproduction and may not appear in 
Fig. 3. When a weaker trip was used at this Mach 
Number—0.001-in.-deep for the 
boundary layer was laminar. } shows a compari 
son between the type of flow observed when a trip of 


threads example 


Fig. 


0.003-in.-deep threads and 0.001-in.-deep threads are 
used at a Mach Number of 3.9. Neither Mach waves 
nor eddies were visible when 0.001-in.-deep threads 
were used as a boundary-layer trip. The boundary 
layer is laminar, and turbulence probably started in the 
annular wake. At a Mach number of 7, 0.003-in.-deep 
threads, the type which produced turbulent flow at a 
Mach Number of 3.9, left the boundary layer completely 
laminar. In order to induce transition in the vicinity 
of the trip, two wedge-shaped annular rings 0.008 in. 
high were used. It was also found that 0.006-in.-deep 
threads cut on the circular-are nose profile consistently 
produced turbulent boundary layers at a Mach Num 


ber of 7. (The flow over the circular-are nose profile 
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0.093" TRIP. 


Fic. 4 
models with boundary-layer trips of 0.001-in. and 0.003-in.-deep 
threads at JJ) = 3.9 





Shadowgraphs showing comparison of flow over 


lowered the Mach Number from 7 to 5.6 at the outer 
edge of the boundary layer.) 

The more than 300 shadowgraphs of the data models 
showed turbulent flow over the external surfaces al- 
most as far forward as the boundary-layer trips with no 
intermittently turbulent and laminar boundary layers. 
While the boundary layers on the inner surfaces of the 
cylinders could not be examined, it is unlikely that they 
would be different from those on the outer surfaces. 


DATA REDUCTION 


Skin-friction drag was obtained by subtracting the 
total drag of a tare model from the total drag of a test 
model. The measured total drags were adjusted be- 
cause of small variations in model geometry and test 
conditions between test and tare models. These ad- 
justments to total drags were made by determining the 
differences in individual drag components of a test- 
tare combination by use of available theoretical and 
Adjustments were also 
These 


experimental information. 
made to account for differences in base drag. 
differences in base drag were caused by differences in 
boundary-layer thicknesses just ahead of the trailing 
edge due to the difference in length between test and 
tare models. An additional small correction was made 
for drag due to lift, since the models did not fly at zero 
angle of attack. The maximum angle of attack, how- 
ever, was less than 1°, and no visible differences in 
boundary-layer thickness around the model were ever 
observed in the shadowgraphs. Differences in drag 
due to variations in boundary-layer trips could not be 
ascertained quantitatively; therefore, it was assumed 
that the drag due to the trip on a tare model was equal 
to the drag of a trip on a test model, and no corrections 
were applied to the total drag. The effect of making all 
these adjstments to the total-drag data changed the 
skin-friction results by only 5 per cent and noticeably 
decreased the spread of the total-drag data. 

In order to determine the Reynolds Numbers as- 
sociated with experimental skin friction and to calculate 
the corresponding incompressible skin-friction coeffi- 
cient so that, for convenience, the data could be pre- 
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sented in ratio form, the effective point of origin of th, 
turbulent boundary layer was calculated. When th 
boundary-layer trips were small, the calculation wa 
made by assuming the momentum thickness of the ty 
bulent boundary layer equal to that of the lamina 
boundary layer at the transition point which was take; 
to be at the midlength of the trip. 
thickness of the laminar boundary layer was obtain 
Knowledge of the position of the effe 


The momenty 


theoretically.!? 
tive turbulent origin was applied to determine the Rey; 
olds Numbers required in computing the incomipressi 
ble skin-friction coefficient from the von K4rmé; 
Schoenherr equation.!” The assumption of equal 
laminar and turbulent momentum thickness at th 
transition point is unjustified in the presence of larg 
boundary-layer trips. The effects of large boundary 
layer trips on the final skin-friction results were ‘. 
vestigated and will be discussed later. 


RESULTS AND DISCUSSION 


The experimentally determined values of skin-fric 
tion coefficient were compared to the corresponding 
values of incompressible skin-friction coefficient at the 
same Reynolds Numbers and are plotted in the forn 
Cr/Cr;, hereafter called skin-friction ratio, as a functior 
of Mach Number in Fig. 5. Values of skin-frictior 
coefficient shown in the figure are mean values of many 
measurements at each condition. The root-mean 
square deviation from the mean value at Mach Num 
bers of 2.8 and 3.8 was from 1 to 3 per cent; whereas 
at Mach Numbers of 5.6, 6.9, and 7.0, where relatively 
large boundary-layer trips were used, the root-mean 
square deviation from the mean value was from 8 to 1! 
per cent. These data are uncorrected for thickening 
of the turbulent boundary layer due to the boundary 
layer trip and therefore can be considered as lower 
limits. Any initial thickness of the boundary layer 
would mean a higher effective Reynolds Number 
therefore a lower value of incompressible skin-friction 
coefficient, and, consequently, a higher value of skin- 


friction ratio. 
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— Tw/T, 3<R,x 10-6<i6 fies an increase of the momentum thickness. This in- 
03 0.003 INCH TRIP creased momentum thickness is related to the trip 
05 0.003 INCH TRIP ; : ; ; 
RICTION RA 05 0006 INCH TRIF drag since the trip drag must result in momentum being 
~ _— iecie ae ba removed from the air flowing around the model. Part 
LPO Rrox _oi of this momentum will be removed from the boundary- 
: Ban po TER layer air and increase the momentum thickness of the 
% > ste’) COLES turbulent boundary layer. The maximum effect of the 
é ia trip on incompressible skin friction was determined by 
zo - ie , calculating the length of run of turbulent flow necessary 
4} - ws — i to produce the momentum thickness which would re- 
NCE sult if all of the momentum change due to the trip drag 
z RRECT ATA were confined to the boundary layer. This effect on 
skin-friction ratio is shown in Fig. 6. The data un- 
DP ceaer _—— fame L : corrected for boundary-layer thickening are also shown 
It can be seen that when only the incom- 


MACH NUMBER, M, 


Fic. 6. Effect of Mach Number and wall-temperature ratio 
n skin-friction ratio with present data corrected for boundary 
yer thickening at the trip 


For comparison, the force data of Chapman and 
Kester! and Coles? at zero-heat-transfer conditions are 
A comparison of the zero- 
heat-transfer data the 
data of the present investigation indicate a strong de- 


ilso included in the figure. 
skin-friction and uncorrected 
pendence of skin-friction ratio on wall-temperature 
ratio, 7), 7), ata given Mach Number. 

Since it was found that boundary-layer trips with 
measurable drag were necessary at Mach Numbers of 
5.6, 6.9, and 7.0 to promote turbulent flow over the 
surfaces of the models, it was required that the effect of 
these large trips on both skin friction and the corre- 
sponding incompressible skin friction be investigated. 
rhis was done experimentally by measuring skin fric- 
tion on a model with a boundary-layer trip of 0.006- 
in.-deep threads and comparing the results to data ob- 
tained from a model with 0.003-in.-deep threads at a 
Mach Number of 3.8, where small boundary-layer 
trips produced turbulent flow. It was found that skin 
iriction was 10 per cent lower on the 0.006-in. threaded 
model than on the 0.003-in. threaded model. The low 
value of skin friction was not particularly surprising 
since the boundary layer on the 0.006-in. threaded 
model, as determined from the shadowgraphs, was 
measurably thicker than on the 0.003-in. threaded 
model at corresponding stations along the cylinder. 
It appeared that there would be a relationship between 
the thickening of the boundary layer and the drag due to 


the trip. The thickening of the boundary layer signi- 
TABLE 1 
Final Results 
Ri /x R R 
VW ] K 10% xX 107° x 16- Cr Cr/Cr Symbol 
2.8 1.0 1.58 0.63 3.00 0.00284 0.867 oO 
82 0 2 13 0.88 1.07 0.00227 0.730 
¢ i.2 1.83 1.05 1.71 0.00170 0.562 
H 70 2.08 1.03 4.06 0.00125 0.404 
to to to 
; 2.97 6.09 0.451 
‘0 1.7 14 1.35 6.06 0.00115 0.395 
to to to t 
5.21 9.92 0.446 
1.0 2.13 1.75 1.94 0.00204 0.694 > 
1.05 1.99 0.20 3.78 0.00240 0.724 J 





in the figure. 
pressible skin-friction coefficient 1s modified, the re- 
sults of the 0.003-in. and 0.006-in.-threaded models are 
in reasonable agreement (within the scatter of the ex- 
perimental results for the 0.006-in. threaded model 

When this correction procedure was used at a Mach 
Number of 5.6, the effect was small; however, the data 
at Mach Numbers of 6.9 and 7.0 were raised by about 
10 per cent. These data are shown as a range of pos 
sible values, depending upon the amount of momentum 
change due to the drag of the trip being confined to 
the boundary layer. (All of the corrected data from 
the present investigation shown in Fig. 6 are tabulated 
in Table 1.) The agreement in skin-friction ratio be 
tween the 0.003-in. 0.006-in. 
when the turbulent origins were determined assuming 
normal “fully developed”? turbulent boundary layers, 
suggests that the the turbulent 
boundary layer over the portion of the model for which 


and threaded models, 


characteristics of 


skin friction was measured were not significantly af- 
fected by the presence of the boundary-layer trips. 

Also shown in Fig. 6 are the zero-heat-transfer skin- 
friction data replotted from Fig. 5. At Mach Numbers 
of 2.8 and 3.8 the present skin-friction ratios are approx1- 
mately 35 per cent higher than the zero-heat-transier 
skin-friction data. Although no measurements of skin 
friction have been made at zero-heat-transfer conditions 
at very high Mach Numbers, any reasonable extrapola- 
tion of the zero-heat-transfer curve would indicate that 
the same trend of increasing skin-friction ratio with 
decreasing wall-temperature ratio will persist to a 
Mach Number of 7. 

Because the data of Fig. 6 show an appreciable effect 
of wall-temperature ratio on skin-friction ratio, and 
since the models of the present investigation were spin 
stabilized, it was essential to determine to what extent 
these results had been influenced by model spin. It was 
felt that one test condition would suffice to demonstrate 
the effect of spin on the present results. An aerody- 
namically stable model was tested at a Mach Number 
of 3.8 where experimental scatter was least and the 
The result of this in- 
It can be concluded 


boundary-layer trip was small. 
vestigation is shown in Fig. 6. 
that for the spin rates used, the effect of spin on the 
present results is small, probably within the scatter of 


the data. 

























































Fic. 7. Comparison of experimental and theoretical effect of 
wall-temperature ratio on skin-friction ratio at J; = 3.82 


The results of Fig. 6 confirm qualitatively the con- 
clusions of many analyses, namely those of von Kar- 
man,* Monaghan,*? Tucker,? Van Driest,® and Clem- 
mow,’ among many, that skin-friction ratio increases 
with decreasing wall-temperature ratio at a given 
Mach Number and Reynolds Number. The results of 
these analyses differ widely in the magnitude of this 
increase, as is shown in Fig. 7, where skin-friction ratio 
is plotted as a function of wall-temperature ratio. 
Values of skin-friction ratio from these analyses were 
calculated with yu assumed to be proportional to 
(T)"-** at a Reynolds Number of 10’. For clarity of 
presentation, the results of only three analyses are 
illustrated at only one Mach Number, J/ 3.82. 
An experimental data point from the present investi 
gation and one point from the zero-heat-transfer curve 
are included in the figure for comparison. The results 
of the theory of Van Driest agree well with experi- 
mental data at wall-temperature ratios near unity. 
As wall temperature approaches recovery temperature, 
this theory overestimates the skin-friction ratio by 
about 20 per cent. Although the method of Tucker 
and the theory of von Karman were devised for appli- 
cation at zero-heat-transfer conditions, it is interesting 
to evaluate skin-friction ratio at conditions of large 
heat transfer and to compare these results with experi 
mental data. At a wall-temperature ratio of unity, 
these analyses predict a skin-friction ratio of unity, 
which greatly overestimates skin-friction ratio. At 
recovery temperature, Tucker’s method predicts skin- 
friction ratio reasonably well; whereas, the theory of 
von Karman considerably underestimates skin-friction 
ratio. 


T' Method for Evaluating Skin Friction 


Since no one of the many theories considered so far 
adequately predicts the effects of both wall-temperature 
ratio and Mach Number on skin-friction ratio, the 
present authors investigated the possibility of applying 
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a laminar-flow method to turbulent flow. Young a 
Janssen,'* in 1952, applied the laminar flow 7” meth, 
of Rubesin and Johnson! to evaluate skin-frict; 
ratio for turbulent flow and compared the results wi 
some zero-heat-transfer skin-friction data over th 
limited Mach Number range from 1.5 to 2.5. Th, 
agreement was good. The Rubesin and Johnson 
method consists of finding a reference temperature, 7 
at which the density and viscosity for compressib] 
flow must be evaluated if incompressible flow relation: 
for zero heat transfer are to apply. The theoretic, 
results of Crocco-Conforto for laminar flow on a flay 
plate were used to find the following expression 


| lig Ae Bs 1 + 0.032 M,? + 0.58[(T,,/T, | 


With the more complete data now available at zer 
heat-transfer conditions and with the results of th 
present investigation at large rates of heat transfer, jt 
is the purpose of the remainder of the paper to further 
evaluate the reliability of the 7” method in predicting 
the effect of heat transfer as well as Mach Number o 
skin-friction ratio for turbulent flow. Eq. (1) was 
used in conjunction with the von Karman-Schoenherr 
incompressible skin-friction equation for turbulent 
flow. Fig. 8 shows the results of the 7” method com 
pared to the zero-heat-transfer skin-friction data an 
data of the present investigation at wall-temperatur 
ratios near unity. Eq. (1) predicts a large effect of heat 
transfer on skin-friction ratio and, in fact, predicts a1 
effect which agrees very well with the experimental 
data. Although Eq. (1) underestimates skin-frictior 
ratio at zero heat transfer above a Mach Number oj 
2.5, the shape of the zero-heat-transfer curve is remark 
ably similar to the trend of the experimental data 
Because of the encouraging results, it was felt that the 
agreement would be better, particularly at the high 
Mach Numbers, if the coefficients of Eq. (1) were modi 
fied to fit the experimental data. The coefficients wert 
slightly modified to fit the data at a Mach Number 
of 3.82 from the present experiment and from the zer 
heat-transfer curve. The following expression was ob 


tained: 
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Fic. 8. Comparison of skin-friction ratio as determined by us 
; : # : : rae 
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9, Comparison of skin-friction ratio as determined by use 


of the modified expression with experimental values 


rsd 1+ 0.035 MW? + 0.45((7, 71) - 1 (2 


Curves of skin-friction ratio as a function of Mach Num- 
ber were obtained from Eq. (2) and are compared to the 
lata of the present investigation and the zero-heat- 
Agreement be- 


le- 


transfer skin-friction data in Fig. 9. 
tween the predicted values and the experimentally « 
termined values of skin-friction ratio is excellent over 
the entire range of Mach Numbers and wall-temperature 
ratios. 

Because the curves of Fig. 9 show appreciable changes 
in sxin-friction ratio with changes in wall-temperature 
ratio at the low Mach Numbers, particularly at sub 
sonic speeds, it was deemed desirable to comipare the 
the 7” 
Numbers. 


results of method with experimental data at 


subsonic Mach Because of the lack of e 

perimental data on flat plates with sufficiently high 
rates of heat transfer, the predictions of the 7” method 
were compared with pipe flow data. Since expert 
mental skin-friction results at large rates of heat trans 
cr wert heat-transfer data were also 


very meager, 


used in the form Stanton Number ratios. It has been 


lemonstrated by Colburn” for this speed range that 
Stanton Number is proportional to skin friction or that 
Stanton Number ratio is equivalent to skin-friction 
ratio. In Fig. 10, skin-friction ratio as predicted by the 
I” method is compared to experimental and theoretical 
results at subsonic speeds in smooth pipes as a function 
ol wall-temperature ratio. The predictions of the 7” 
method differ very slightly from the theoretical results 
Karman-Nikuradse, '* Koo, 
McAdams" which were devised for subsonic pipe flow. 


The 7’ 


Skin-Iriction results of reference 16 and was slightly 


or von and Drew, and 


prediction agrees well with the experimental 


gher when compared to the heat-transfer results of 


relerences 16 and 17. It seems that the modified 7” 
method can be used to predict skin-friction ratios at 
subsonic speeds as well as at supersonic speeds. 

Fig. 11 summarizes the comparison between experi- 
ment and the modified 7’ method. The 45 


mae The experimental skin- 


line is the 
perfect agreement. 


iniction data shown in the figure were obtained over 


MENTS OF SEIN FRICTION 4] 


a wide range of test conditions, from subsonic speeds 


to a Mach Number of 7 and with a variety of wall 
temperature ratios. The correlation is excellent and 
demonstrates the wide range of usefulness of the 7” 


method in predicting skin-friction ratio 
The procedure for applying the 7’ method to evalu 
, for any Mach Number, 


ratio, De T;, 


and the von 


ate skin-friction ratio, Cr/C; 
M,, 


Reynolds Number, , by use of Eq. (2 


any wall-temperature and any 
Karman-Schoenherr incompressible flow equation, is as 
follows: 

) 


a) Evaluate 7’/7, from Eg. (2 


(b) Evaluate R’ from the relationship 
R' R, (p’) pr) (ur / pm’ 


but if we assume constant pressure through the bound 


ary layer, (p’) p: (7, 7’), and therefore, 
R’ l 
R, 1 1 py’ b - 
The ratio (u’ uw) can be determined from the Suther 
land equation 
wy (7° /T,)) ((T, + 216) ((T’ 216 | 


(c) Evaluate Cy’ at the Reynolds Number, R’, from 


the von Kar.nai-Schoenhert equation, 


0.242/V C, logy (CrR i) 


d) Evaluate Cy from the relationship 


Cr’ GC; pi p’ r"/1 6 


e) Evaluate Cy, from Eq. (5) for a Reynolds Num 


ber R,. 
It should be pointed out that the evaluation of skin 


friction ratio by use of Eq ?) can be simplified if the 


Prandtl-Schlichting relationship 


Ci 0.46 log R . vi 


for incompressible flow is used instead of the von Kar 


man-Schoenherr equation. 


When Eq. 7)18co72 t ith Eq 2), the resulting 








SKIN-FRICTION RATIO, 
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Fic. 1). Comparison of skin-friction ratio as determined by 


use of the modi.ied 7” expression with experimental and theo 


retical results at subsonic speeds 
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equation for the evaluation of Cy/Cp; is in closed form. 


Cr logy) R, 2.6 l 
hi ae SaaS (S) 
Cr; R, \ Say a ae 

logio 


CF’ T;) (u’ M1) 
CONCLUSIONS 


The results of the experimental measurements of skin 
friction of the turbulent boundary layer which have 
been made on free-flying models at high supersonic 
speeds, and the results of the investigation of the 7” 
method can be summarized as follows: 

(1) The effect of wall-temperature ratio on skin- 
friction ratio is large, an increase of the order of 35 
per cent at Mach Numbers of 2.8 and 3.8, when free- 
flight data of this experiment are compared to zero-heat- 
transfer skin-friction data. 

(2) Although skin-friction measurements at condi- 
tions of zero heat transfer are not available at Mach 
Numbers as high as 7, the results of this investigation 
indicate that the same trend of increasing skin-friction 
ratio with decreasing wall-temperature ratio will per- 
sist at very high Mach Numbers. 

(3) The 7’ method of Rubesin and Johnson for 
laminar boundary layers, with the defining equation 
for 7” slightly modified, has been found to predict skin- 
friction ratios which agree well with measured values 
over a wide range of Mach Numbers and wall-tempera- 
ture ratios. 
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An Approximate Method of Calculating 
Three-Dimensional Compressible Flow in 
Axial Turbomachines 


COMDR. CARL O. HOLMQUIST* ann W. DUNCAN RANNIE?t 
Naval Air Test Center and California Institute of Technology 


ABSTRACT 


The two principal existing methods of calculating axially- 
symmetric compressible flow in turbomachines are: (1) a sim- 
plified one-dimensional analysis and (2) numerical methods using 
the complete or linearized flow equations. The not 
satisfactory for multistage turbines with appreciable wall diver- 

nce; the 


ae The 


purpose of this investigation is to extend the approximate meth- 


first is 
second is very tedious and time consuming 


ids, successfully used in calculating incompressible flow in com 
pressors with constant blade height, to the analysis of compres- 
sible flow in turbomachines with variable blade height. Assum- 
ing that the blades can be completely defined by the exit flow 
ngle and neglecting the influence of downstream blades, the 
nalvsis is made considering the flow between successive blade 
rows only. With isentropic 
supersonic flow patterns can be determined for compressor or 


these restrictions, subsonic and 


turbine arbitrary boundary shapes as long as separation does 


not occur. Average losses can be accounted for by the use of 
polytropic law, and the effect of radial variations in stagnation 
temperature can be included without difficulty. Examples are 
given illustrating the flexibility and practical value of the iter- 
ition method which has been developed and the rapid convergence 


of successive solutions. f 


SYMBOLS 


= stator spouting angle measured from the plane per- 
pendicular to the axis 
rotor spouting angle measured relative to the rotat- 
ing wheel 
= axial distance between stations, ft 
constant obtained from axial velocity integral 


Sf = 
( = constant obtained from radial momentum integral 
C; = specific heat at constant pressure 
A = used to denote incremental changes of a quantity 
in the radial direction 
Fi; = cotangent of stator spouting angle 8» as a function 
of radius, F(&) = d»o/de 
t = cotangent of rotor relative spouting angle 8; as a 
function of radius, G(&;) = (As + &3)/@ 
ratio of specific heats 
f = acceleration of gravity 
H(t dimensionless work output of rotor as a function of 
radius, H(;) = or» + £3d 
n = dimensionless mass flow, m = Ww/(2rgp,Ro 
VW = Mach Number based on total velocity, JJ. = 
P/V yr 
VW governing’? Mach Number as defined on p. 87 of 
reference 1, 1/, = \ (od? + 6?) YT 
n poly tropic exponent 
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Meeting, IAS, New York, Jan. 24-27, 1955. 
* Senior Engineer, Carrier Branch, Flight Test Division. 
Associate Professor, Mechanical Engineering Department. 
+ The opinions expressed herein are those of the authors and 
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n = polytropic efficiency [y/(y — 1)|n = n/(n — 1 
= angular velocity of rotor, radians per sec 


p = pressure, lbs. per sq.ft 

r = dimensionless pressure, P = p/p 

p = density, lb. sec.?/ft.4 

Q = dimensionless density, 0 = (w*Ro?p)/pr 

R = gasconstant 

R = reference radius, ft 

r = radius from the axis, ft 

é = dimensionless radius, § = r/R 

1 = absolute temperature, °R 

T = dimensionless temperature, r = |R/(w*?R)?)| T 

u = radial component of absolute velocity, ft. per sec 

6 = dimensionless radial component of absolute velocity, 
6 =u/(wR 

i = tangential component of absolute velocity, ft. per 
sec 

nN = dimensionless tangential component of absolute 
velocity, \ = v/(wR 

7 = axial component of absolute velocity, ft. per sec 

? = dimensionless axial component of absolute velocity, 
@ = w/(wR, 

® = dimensionless total absolute velocity, ® = 
V 2? + d2 4+ 6 

W = mass flow, Ib. per sec 

= axial distance along axis of rotor from reference 

point, ft 

¢ = dimensionless axial distance, £ = 2/R 

= subscript to denote station immediately upstream 

of stator 

( )s = subscript to denote station immediately downstream 
of stator and immediately upstream of rotor 

( = subscript to denote station immediately after rotor 

( = subscript to denote inner boundary of channel 

( = subscript to denote outer boundary of channel 

( ): = subscript to denote total conditions 

of/o¢ = slope of streamline 

0?f/o¢? = rate of change of slope of streamline 


(1) INTRODUCTION 

iy THE MODERN AIRCRAFT gas turbine, the flow is 

necessarily in the transonic range for two reasons: 
(1) to keep the weight and size of the machine at a mini- 
mum and (2) to fit the mass flow and pressure ratio of 
the compressor. Earlier turbojet engines had single- 
stage transonic turbines, but present engines employ 
multistage turbines with rapid channel divergence in 
order to use effectively the increased pressure ratios and 
keep the axial velocities compatible with the blade 
speed. In these types of machines, the flow at the 
mean blade height is mainly axial, and the aspect ratio 
of the blades is usually above unity for weight-saving 


considerations. 
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One of the principal methods available to the design 
engineer for the analysis of axially-symmetric, com- 
pressible flow in turbomachines is a simplified one- 
dimensional analysis. This method is used extensively 
in preliminary design considerations and is simple and 
straightforward. Since only the exit flow angles from 
the blade rows at the mean blade height are considered, 
the radial distributions of velocity and energy are not 
determined. Although this analysis gives reasonably 
accurate results for a single-stage turbine with a fairly 
high hub ratio and small channel divergence, the one- 
dimensional method is inadequate for large channel 
divergence where the radial distribution of velocities 
becomes significant. It is particularly inadequate for 
the design of multistage turbines with channel wall 
divergence since it is difficult to get the proper balance 
of work on the individual stages. This work balance 
is strongly affected by the radial distribution of the 
axial and radial velocities. Since the one-dimensional 
analysis is done at the mean blade height, it gives no 
information as to the radial Cistribution of velocities. 


The second principal method of analysis of axially- 
symmetric compressible flow in turbomachines is by 
numerical methods using the complete or linearized 
flow equations to solve for the complete velocity and 
energy field through the machine. Since the deter- 
mination of the entire flow field involves six unknowns 
at each point in the flow (three components of velocity, 
pressure, temperature, and density), the analysis using 
these numerical methods is necessarily lengthy and 
extremely complicated and cannot be considered suit- 
able from the point of view of the design engineer. 
Monroe! formulated the idealized problem in terms 
of a stream function for the velocities in the meridional 
plane and solved the resulting nonlinear differential 
equation by a simultaneous application of the relaxa- 
tion technique of Southwell and an iteration process. 
Wu? has utilized various relaxation methods, matrix 
systems, and finite difference schemes to solve the 
complete hydrodynamical equations for the entire 
flow field in many types of problems. Vavra,* Reiss- 
ner,! Goldstein,’ Wislicenus,* and many others have 
employed various techniques to solve the complete, or 
nearly complete, equations by some numerical method. 
Although these numerical methods are not considered 
suitable for practical design purposes, they are general 
and can be used for centrifugal, mixed flow, or axial 


flow machines with blades of any aspect ratio. 


In an effort to simplify the problem of solving the 
complete flow field, linearized analyses have been pro- 
vided by Marble’ * and Fabri.’ The linearization 
procedure given by Marble’ was based on the assump- 
tion that disturbances in the radial and axial velocities 
are small compared with the mean axial velocity, and 
the results are sufficiently accurate if the vorticity 
effects are not large. A second-order linearization 
was introduced® to handle problems with greater 
vorticity effects. However the computation required 
to find the three-dimensional flow in any particular 
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case is rather lengthy using the linearized solutions a) 
involves some type of numerical integration . 

The analysis of flow in turbomachinery where chany, 
boundaries are purely cylindrical, or vary only slight) 
from a cylindrical shape, has been extensively jnyes; 
and others 
In these analyses, the radial momentum equation yse 


gated by Rannie,'’ Traupel,'! Sinnette,! 


in the treatment ts of the form, 
(1/p) (Op/Or) = 


where the radial force and other momentum term 
have been neglected. The distribution of axial velocjt 
is approximated by assuming axial symmetry, an 
since the centrifugal force within the rotating fluid bod) 
is balanced only by the radial pressure gradient, th 
resulting flow calculated in this manner is in realit 
that which must exist far downstream of the blades 
where radial velocities and accelerations have vanished 
No information is provided by these analyses on hoy 
rapidly the change in velocity pattern takes place 
the fluid passes through the blade row. 

The purpose of this paper is to present an approxi 
mate method for the analysis of compressible flow in 
modern axial turbomachines which gives sufficientl 
accurate information for design purposes and yet re 
tains the simplicity necessary to be of practical valu 
to the design engineer. This is the logical step for 
ward from the one-dimensional method to the analysis 
Methods 
that have been successfully employed in the incom 


of compressible flow in axial turbomachines. 


pressible case’? have been modified and extended t 
the analysis of compressible flow in arbitrarily shaped 
axially-symmetric channels. It is obvious that litth 
simplification over the so-called ‘‘numerical’’ methods 
can be obtained if the complete flow and energy fields 
are to be determined in the analysis. In this paper 
the flow is analyzed at the station immediately down 
stream of the blade row by a consideration of the y 
stream conditions, channel configuration, and_ blade 
shapes. The blade trailing-edge angle only is con 
sidered, and the complete flow field through the blad 
row is not determined. 

The method of analysis presented is extremely flexible 
and has been used to solve the direct and inverse prob- 
lems, subsonic and supersonic, for arbitrary axial 

In the solution of the direct 
Marble,’ the choice of blade 


boundary configurations. 
problem as defined by 
speed, blade spouting angle, boundary configuration 
and upstream conditions can be arbitrary, and the three 
dimensional velocity field, blade loading, and distribu 
tion of energy in the field are determined. In the in 
verse problem, for a given blade loading, blade speed 
boundary configuration, and fluid state ahead of 

blades, the blade spouting angle, velocity field 

energy distribution can be determined. By a simple 
change of sign in the equations used, the method cat 
be applied equally well to an axial compressor as to all 
axial turbine. Although this method is not as general 
as those used by Wu,? for example, it is more flexible 
and practical for blading of aspect ratio greater that 








stre 
pres 


mot 


Sri 


lutions ay 


cre chann 
ly slight) 
‘lv invest; 
ind others 
ation use 


ulm terms 
al velocit 
etry, an 
fluid body 
dient, the 
in realit 
he blades 
vanished 
S on how 


place as 


approxi 
e flow in 
fficienth 
1 vet re 
cal valu 
step for 
analysis 
\ethods 

incom 
nded t 
shaped 


at little 





methods 


ry fields 


5 paper 


y down 
the up- 
1 blade 
is con 


e blade 


flexible 
e prob- 

axial 
> direct 
~ blade 
ration 
three 
stribu 
the in- 
speed 


1] 


Oot au 
d and 
simple 
xd can 
to all 
eneral 


exible 
- than 


COMPRESSIBLE FLOW 


ynity and is sufficiently accurate in view of the assump- 
tions used in the treat:nent. 

| The analysis 1s carried out on the basis of steady, 
ally-symmetric flow with infinitely many blades. 
The fluid is assuined to be compressible, but all other 
real fluid effects are neglected except as they may be 
,pproximated by a “polytropic efficiency’’ and the 


of the polytropic exponent “nw.” As a result of 


1S€ 
this assumption, the possibility of separation of flow at 
the channel walls or along the blades is excluded. 
Roundary-layer effects are not considered in the analy- 
In the supersonic solution, the occurrence of 
Radial or nearly radial 


SIS. 
shock waves is excluded. 
blades are presupposed so that the radial force can be 
neglected, and the radial momentum equation used 


in the treatment has the forin, 


r) — [u(Ou Or)] — 
[w(Ou Os] (2 


p) (Op Or) = (2 


[his assumption seems justified in view of the investi 
gations of Karlsson! who, by a two-dimensional anal 
ysis of incompressible flow with an infinite number of 
blades, showed that the effect of the radial force re- 
sulting from normal blade twist is of negligible magni- 
tude. 

The effect of downstream blades on conditions up 
stream is neglected, and the blade shape is specified by 
the trailing edge angle only. Simply stated, a blade 
row is assumed whose only effect on the flow is to turn 
it through a specified angle distribution which is a func- 
tion of radius across the channel. An assumption 
similar to this has been used successfully in the analysis 
of flow through a compressor’? and should be even 
more applicable to turbines where the blade solidity 1s 
high. The equations are particularly suited to the 
imalysis of flows with a prescribed radial total enthalpy 
distribution. 

Subject to the above assumptions, the resulting 
solved by an approximate 


exact’’ equations are 


method using a simple iteration procedure. An integral 
for the axial velocity is derived in terms of known up- 
stream conditions and the downstream pressure. The 
pressure distribution is found by integrating the radial 
momentum equation and applying the energy equation 
ita boundary. The mass flow equation is used to solve 
for the constant obtained from the axial velocity in- 
tegral. The iteration is started by assuming an axial 
velocity distribution and continued until the solution is 
reached —i.e., until the velocity distribution produced 
by an iteration is the same as that assumed for that 


particular iteration. 


2) FUNDAMENTAL EQUATIONS 


(2.1) Basic 
Form 


Differential Equations in Nondimensional 


A stream annulus of small radial extent in the di 
verging channel of a turbine stator and rotor section is 


shown in Fig. 1, and absolute velocity components are 
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STATION 2 





| STATION | 





FIG. | CHANNEL AND STREAM ANNULUS 


considered at stations 1, 2, and 5. Generally, there 
will be a shift in the stream surface in passing through 
either stator or rotor blading, and three components of 
velocity will be present at each station. 

With the basic assumptions enumerated in the pre 
ceding section, the continuity equation is written in 
differential form as: 


pywyrydry pott'srodr pxt'srodr (3 


For a row of stator blades, the energy equation must 
hold along a stream surface, and for a row of rotor 
blades, the energy equation must hold along a relative 
stream surface. Hence, in terms of absolute velocities 
at stations 1, 2, and 3, the energy relations become 


C,Ti = [ly (vy — 1) (fb pv) + C1 2) (a? + 
w,?) = [7/4 1)] (pe p 1/2) (u 
ve” + U Cols: 14 
ly (y — 1 (p2/p + (1/2) (u + 7 + & 
wri = [+ (y — 1 Ps p t 1/2) Ge 
V3° + U + 2wrst D 


Neglecting the radial force, the radial momentum 


equation, Eq. (2), must hold at all stations. If the 
flow is considered to be isentropic along a relative 
stream surface, the following relations must hold along 


this surface: 


P2 Pi = \pP2 Pi 


If a polytropic flow is considered, y will be replaced 
by m in Eqs. (6) and (7 The above equations are 
fundamental in the solution of the direct and inverse 
problems. 

For ease in handling the equations and to avoid the 
use of large numbers in calculation, the analysis is 
completed in nordimensional form. The notation used 
for dimensionless quantities is given in the section on 
Symbols. Axial and radial coordinates are made non 
dimensional by referring them to a standard radial di 
Velocities are made dimensionless by 
With 


Qr and 


mension Rp. 
referring them to a standard blade speed wR 


this procedure, the perfect gas equation is P 
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Eqs. (3), (4), (5), (2), (6), and (7) become, respec- 
tively: 
Oigitides = Qodobadt. = Qidstsd fs (8) 
[7 7 1) Ir, = ly aT = 1)] (Pr 1) + (1/2) X 
(0:2 + A? + o1°) = [y/(y — 1)] (P2/Q2) + 
(1/2) (8? + de? + oo?) = [y/(y — 1) ]rx (9) 


[y/(y — 1)] (P2/Q2) + (1/2) (42? + Ao? + ge”? — 
2tr2) = [y/(y — 1)] (Ps/Qs) + (1/2) (65? + 
As? + $3" + 2&3A3) (10) 
(1/Q) (OP /0E) = (A*/E) — [0(08/0E)] — 
[@(08/0¢)] (11) 
Q2/Q; = (P2 Pi)? = (t2/7,)”°"? (12) 
Q3/Q2 = (P3 P,)’" = (973/12) (13) 


2.2) Equations for the Direct Problem for Isentropic 

Flow 

The basic equations are derived for a rotor with in- 
finitely many blades on the basis of isentropic, non- 
viscous, compressible, axially-symmetric, steady flow. 
Radial or nearly radial blades are assumed so that the 
radial force can be neglected. The channel shape, 
blade shape, mass flow, and upstream conditions are 
assumed specified for the direct problem. 

The derivation of the basic integral for the axial ve- 
locity follows the general procedure given by Rannie'® 
for the incompressible case. The dimensionless total 
temperature at station 2 immediately upstream of the 
rotor blading, 


[y/(y — Dn + 
(1/2) (0.7 + Ao” + ge”) 


[y i. = 1) ]r2, = 
(14) 


is introduced into Eq. (10), and the resulting equation 
is differentiated in respect to the radius & on the left 
side and é; on the right side. 


dra, 


| Y = tied it, =< | ¥ d (*) rm 
y—1 d& dé. — vy — 1 d& \Qs 


l d ‘ . “ d(&3A3) - 
y é (037 oe A37 a 3") a dé3 (15) 


dé 


With Eqs. (8) and (13), differentiation of the first term 
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of the right side of the above equation results in: 


y d (*) _ P.\/" dP 
¥—1dt\Qs QeP,'" dts 











7 P,; d 


PS O3£ 
yews P,’ ” dks VU» Dro 


Using the radial momentum equation at station : 


mediately downstream of the rotor blading, 


— [6;(06; O& 


[6(00; ¢:)} (1 


(1/Q3) (OP3/O&3) = (A37/E 


substituting Eqs. (11) and (16) into (15), and using th 
differential form of the mass flow relation, Eq. (8), for 
the ratio dé ‘dé, the following differential equation js 


obtained. 


A3” 1 oO O(E3A 
= (Xr ao ) + = 
£ 2 O& O& 


z (m-)] + 05 
In + @¢ 17 
fo QO: or 


For a cascade with an infinite number of blades, the 
exit flow is parallel to the tangent of the camber line 





at the trailing edge, and its direction is independent of 
the direction of flow approaching the cascade. For | 
most practical applications, the direction of flow leav- 
ing the cascade is very nearly constant and independent 
of the inlet direction throughout the design operating 
range. With rotor, it 1s 
therefore assumed that the rotor spouting angle 8; is a 
at station 3. Using the 


this assumption for the 


known function of radius 
turbine sign convention shown in Fig. 2, it is therefore 
possible to describe the relation between \; and ¢; along 
such that 


the radius at station 3 with a function G(é 


] 


As = G(és)bs — &s 


‘ 


Eliminating A; from Eq. (17) with the above relation 
the following differential equation is obtained: 
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If P3, &, 003/02, and the known quantities at station 
2 are considered to be functions of & (to be determined 


in the iteration process), the integral for the dimensi0on- 





Sin: 


Str 


ion 3 in 


using the 
S), for 


uation js 


des, the 
ber line 
ident of 
e. For 
Ww leay- 
vendent 
erating 
, it is 
B3 1S a 
ng the 
erefore 
along 
1 that 


1 
Ls 


lation, 


ation 
ined | 


sion- | 


COMPRESSIBLE 


axial velocity ¢3 can be immediately written down 


, 
> 
. { 
é e Je, &3U G 
a G7 = 
(P\ 0 § y dr d( £2 
lvi+ G2 \P gos Ly — 1 dé dé 


d63\ | ; 
2G + €3:d&3 + ¢ 20 
V1+G des 


It is noted that no linearization has been performed 
| arriving at the above integral. The expression for 
is complicate’, but its numerical evaluation by a 
simple iteration process to be described later is straight 
forward. Once a set of streamlines have been assumed, 
ill factors involving the upstream conditions become 
tnown functions of &. In the solution of the direct 
yroblem, it is assumed that G(é;) is a given function of 
Thus in the integrand, P; and d6@3;/dé3 are the un- 
nowns that must be determined in the iteration proc- 
ess in order to evaluate the integral. 

\n alternate form for the square bracket in the inte- 
grand can be obtained by using the energy and radial 


nomentum equations at station 2: 





7 Pp ; d P,' 
rT | ) — ] : in — 
y¥-1 | \P. dé Oz 
In the case that Fs 
2 from stagnation conditions), the bracketed term in 


1 (isentropic expansion to station 


the integrand of Eq. (20) may be further simplified to: 


| ¥Y dr, 1 d 
oe — — (fr) | (22 


rhe constant of integration C, is determined by inte- 
grating Eq. (S).. The integrated form of this relation 


equates the total flow rate upstream to that at station 


v= fio () 
hl = Fs 2 P, Q 


1° 


Using Eq. (13) in Eq. (11 


fer 
ree 
I 


a 


, the integral form of the 


nentuin equation becomes: 
. " 1 / Os hal i. d6 
[ ; — @ : — 
L 4 P: Je; \E dé 
dé 
4 le - we ) 
o: 5. 4) a Co 24 
G4 


‘he constant of integration C, is obtained by applying 
the energy relation [Eq. 


10)] at a boundary. 
T ‘ 1 - » . 
Having assumed a set of stream surfaces for a par- 


tic oo = . . 7 3 I te 
cular boundary configuration, the value of d6, dé 


can be approximated from the values of the slope and 


rate of change of slope of these stream surfaces at sta- 
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» 


tion 3. At each point on a streamline at station 3, the 


following relation must hold 
6; = o3(df/d¢é fa 


where (df dé); is the slope of the streamline in ques 


tion. Thus the value of dé; dé; becomes 


d9 dé 


— Pal If /dr [ 12f (de ] OF 
= (d@d3 d¢ T ay, ag Q3\d a¢ -0 


In order to approximate the value of d@; dé at points 
across the channel, it is therefore necessary to estimate 
the slope and curvature of the assumed streamlines at 
each point. 

For the isentropic solution of the direct problem for 
the rotor with an arbitrary channel shape, Eqs. (10), 
(13), (18), 


The derivation of the integral for the axial velocity in 


(20), (23), (24), and (26) are applicable. 


the case of the stator is carried out in a similar fashion 
using the form of the energy relation given as Eq. (9 


With the sign convention of Fig. (2), Eq. (18) for the 
stator (stations 1 to 2) becomes: 
do F £2) 274 


The integral for ¢. obviously takes the same form as 


Eq. (20), and is given here only for completeness: 


(=) | : ( F | 
T\ = In 
y¥-— I P, ag; 0; 


] d62) , 
: fodis + C\ IS 
V1l+ F° dto' 


For the isentropic solution of the direct problem for 
the stator with an arbitrary channel shape, Eqs. (9), 
(12), (23), (24), (26), (27), and (28) (with appropriate 
subscripts) are applicable. 


2.3) Equations for the Direct Problem for Polytropic 
Flow 


The equations for a polytropic process through a rotor 
are derived with the same assumptions as used in the 
preceding section with the exception that the isentropic 


relation (13) is now replaced by: 
Q3/Q2 = (P P.)'/" = (r3/t2)" 29 


where 7 is related to the so-called polytropic efficiency 
n for an expansion (7 < y) by reference 15, p. 449 

[n/(n —1l) n=y(y¥-1 30 
The continuity equation, Eq. (S), the energy equa 
tion, Eq. (10), the radial momentum equation, Eq. (11 
and the blade angle relation, Eq. (18), remain the same 
in differential form. The resulting integral for the 
axial velocity for the polytropic case can be derived in 


the same general form as Eq. (20) with an additional 
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eed distribution behind the rotor are to be determi; 








bs * ; ; fae 
Thus the same basic assumptions and differential eqy 
tions are used as in the isentropic direct problem wit 
\ ul 
\ Vo2+aA2 the exception that now the blade relation, Eq. (1s) ; 
a 6 2 1+ A'9), 18 
@ replaced by the following given function which ¢ 
31 ¢@ : ich 
2 scribes the work output of the rotor as a function of th 
a ua Voz 4 ne racius at station »: 
* 3 : 
as es ’ IT(&3) = Edo + Ed 
oe ore ee rae ee 
hearth fesse Phe function I1(é;) gives the dimensionless rate 
eee ‘i : = | change of angular momentum per unit mass flow at thy 
particular radius and represents the energy taken oy mt 
" : : . : = 
Stotor: Cot By ( £5): F( E>): Az Rotor: Cot 56 51616 £3 3 of the stream. By multiplying this function by suit 
¢, 2 able constants it can readily be converted to B.t.u. per 
a . oa d¢ 
pound of mass flow. ss 
FIG.3 TYPICAL COMPRESSOR - VELOCITY DIAGRAM E ee Ae bl a [ 
SHOWING SIGN CONVENTION _ the isentropic inverse problem, the derivation re- 
mains the same up to and including Eq. (17). Using sect 
; : Eq. (34° to eliminate \;, the integral for the axial ve- bee! 
term in the integrand as follows: MEE 
locity is found to be: pres 
\ rs tS ns : > | F : pect 
¢, &s(1+G * | ’ ag (; ) $3 7 dT2; Y 
eo , ¢, §(1+G ¢3 = = » 
ds = | er Ji (\P. grote LY | dé y | 
& V1l+ G? \ , 
‘ p ad (Ps IT — &dr2) « 7 
y ie 4 172, 1[(£oXr2 T g2A2) | 4 
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7 ae ¢ )| , 3 2c L dé o é dé; § 
Soe dis \ Q: V1I+G — ' ; ae 
’ init Again the numerical evaluation of this integral by Veis 
(a a P mye : - = ; he) 8 
dé; , | _ (% ) dl i x the iteration process to be described later is straight a 
\ o - . . A 
dé o3 (y — 1) (n | QO: dé If forward once a set of streamlines has been assumed , 
SEL 
The unknowns P; and d6@; dé; appear in the integrand E 
Exdé C1 ‘ as in the direct problem. Because of the nature of the ie 
differential equation, however, the axial velocity ¢; als 
The integrated form of the mass flow equation is appears in the integrand. 





Since the mass flow and radial momentum integrals —_ 
> ) 


s P l 
m Q» (|) Gif (3: remain unchanged, Eqs. (10), (13), (23), (24), (26 the 
7 . 34), and (35) are applicable to the solution of the 


Se 


(.> 





ler 
and the integral form of the radial momentum equation isentropic inverse problem. 
is: If the inverse problem could be conceivably applied 
" to a stator, it would consist of prescribing values of 
P . |" i ( Q: ) | (* 9 8 = as a function of £ and solving for the resulting velocity 
H Pi "] J g; dé; field, distribution of energy, and blade shape (as de- | “ 
es Cr as scribed by the blade trailing-edge angle). In this case, | I 
? =) =r s | = the integral for the axial velocity simplifies to lor t 
soni 
Eqs. (10), (18), (26), (29), (31), (32), and (33) are used i [ (2) Eo y dt | \pp 
in the solution of the polytropic direct problem for the : Je UVP, di: Ly — 1 dé; end 
rotor. y : ' d P,' ] dé the 
In the case of the stator for polytropie flow, Eq. (27) ee P» dé, ( O, ) | dt | func 
is used in place of Eq. (18), and the resulting integral . d ' ete 
for the axial velocity is similar to Eq. (31) with G re- ~ —— (£odq di2+ C, (3 the ; 
placed by F and the terms (d dé) (£A2) and 2G omitted. P2g2 Use ssu 
Eqs. (9), (26), (29), (32), and (33) are applicable (with where \o(g) is a prescribed function of the radius at sive 
appropriate subscripts). station 2. Eqs. (9), (12), (23), (24), (26), and (I f | 
(with appropriate subscripts) would be applicable. 
(2.4) Equations for the Inverse Problem for Isentropic 
oe 2.5) Equations for the Inverse Problem for Polytropit ) 
In the inverse problem for the rotor, the boundary Flow 
configuration, blade speed, blade loading, and fluid The resulting integral for the axial velocity at station | 
state ahead of the rotor section are assumed known, 3 for polytropic flow is similar to Eq. (35) of the pre | Subs 


and the blade spouting angle, velocity field, and energy ceding section with the addition of a correction term 
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96), (29), (32), (33), (34), and (37) are used 


2.6) Changes in Equations for the Compressor Solution 


In the development of the equations in the preceding 
sections, the turbine sign convention given in Fig. 2 has 
been adopted. If the equations are to be used for com- 


pressor design, Eq. (18) for the direct rotor problem 


9 


becomes, in accordance with Fig. 3: 


As = & — G(&)os 5S 


ind the energy relation, Eq. (10), is changed to: 


(12) (0.2 + Ax? + 


(1/2) (037 + A3s* + 3° — 2EsA (39 


Using these equations, the derivation is carried out in 
exactly the same manner as set forth in the preceding 
sections for the turbine. 

For the inverse problem for the compressor, the work 


utput function [Eq. (34) |] becomes: 


FT(&) = &d2 — &E5Az3 (40) 


Using Eqs. (89) and (40) in place of Eqs. (10) and (34), 
the relations for the inverse compressor problem are 
derived in the same manner as for the turbine. 


3) ITERATION PROCEDURE 


3.1) Procedure for the Direct Problem 

rhe general scheme of iteration is exactly the same 
lor the direct and inverse problems, subsonic or super 
the 


\ppendix, one complete iteration is given for a typical 


») 


sonic, isentropic or polytropic. In Example 2 of 


rotor solution for the isentropic direct problem. In 
the examples presented, the blade trailing edge angle 
lunctions F(g) and G(é) have been assumed to be 
constant and independent of radius in order to simplify 
the axial velocity integral and the computation. This 
issumption is by no means necessary. For arbitrary 
given functions F(£) and G(s), the exponential integrals 


Eq. (20) should be evaluated at various stations 


Substituting Eq. (41) into Eq. (42) gives: 


24 }{6 a. 2 
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CHANNEL CONFIGURATION AND COORDINATES 
FOR EXAMPLES | AND 2 


across the channel by plotting the integrand and deter 
mining the value of the integral graphically. 

In the solution of the direct problem, it is assumed 
that the boundary configuration, blade speed, blade 
trailing edge angle, and upstream conditions are pre 
scribed. It is further assumed that the mass flow rate 
is fixed and is compatible with the given upstream con 
ditions. 

Once the problem has been set up, the first step is to 
assume a set of stream surfaces as shown in Fig. 4. For 
most applications, these stream surfaces should be 
chosen on the basis of equal annular areas in a plane 
perpendicular to the axis of the machine. The accu 
racy of the solution can be improved by increasing the 
number of stations across the channel. However, it is 
believed that for most purposes, six or seven steps will 
give sufficient accuracy for design work. 

Having assumed a reasonable set of streamlines, the 
second step is to estimate the axial velocity distribu 
station. Taking average or 
middle-channel the 


conditions, the mass flow relation and the energy equa 


tion at the downstream 


values for prescribed upstream 


tion for the rotor can be combined into one equation in 


terms of ¢;. Using average values in Eqs. (10) and (25 
the relation is obtained as follows 

As? + oa? + 2(koro + EAN (41 
o; [(go? — &,7)] 2 12 
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Using Eq. (18) to eliminate \; and Eq. (25) to elimi- 
nate 6;, Eq. (43) becomes a relation involving only one 
unknown, ¢;. The solution must be found by trial 
and error. 
for a given mass flow which satisfy this equation and 


In general, there will be two values of ¢@ 


correspond to average subsonic and supersonic solu- 
tions as is illustrated in Fig. 5. If no value of @ 
satisfies Eq. (43), the prescribed mass flow cannot be 
forced through the channel because of choking, and 
the boundary configuration or upstream conditions 
must be altered accordingly. 

Having determined the average value of the axial 
velocity at station 3, an estimate of the distribution of 
this velocity across the channel can be made considering 
the total temperature gradient, the blade shape, and 
the pressure distribution expected at the downstream 
station. 

For an arbitrary channel shape, seven equations are 
For the direct isentropic rotor 
(10), (13), (18), (20), 


Using the estimated radial dis- 


used in the solution. 
problem, these relations are Eqs. 
23), (24), and (26). 
tribution of the axial velocity obtained from a con- 
sideration of average values, Eq. (24) is iterated across 
the channel to determine the pressure gradient. The 
tangential velocity distribution is found from Eq. (1S), 
the radial velocity from Eq. (25), and the value of dé 

dé; from Eq. (26). In order to evaluate 43, d6; dé&;, and 
d6, dé; at various points across the channel, it is 
necessary to estimate as accurately as possible the slope 
and curvature of each streamline at the station in ques- 
tion. Knowing the complete channel configuration, 
slopes, and curvatures at points across the channel 
can be easily estimated using a simple linear distribu- 
tion scheme, or a large scale drawing can be con- 
structed and the values of slope and curvature taken 
graphically from this. The value of d@;/df; in Eq. 
(26) can be taken as the average value between stations 
along the axis. However, it is to be noted that even 
a relatively large error in the estimation of the above 
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FIG.5 PLOT OF MASS FLOW VS AVERAGE AXIAL 
VELOCITY FOR CHANNEL FLOW 


quantities will have little effect upon the pressure 
dient obtained because of the nature of the integrat, 
form of Eq. (24). The actual pressure distribyt; 1s 
across the channel is found by applying the energ 
equation at a boundary to determine the constant C 
With these values of P; and dé. dé, the axial 
locity integral can now be iterated across the chan lis 
for values of ¢; in terms of the constant C). If the 
vature of the channel is not large, the value of d 
the int 
2G, for example), and hence a relatively larg 


very small compared to the other factors in 





grand 
error in estimating d@; d¢; has a small effect on ther 


sulting value of ¢;. The constant C; is obtained te 


iterating the mass flow relation (23) across the channel 
and a new axial velocity distribution is obtained. 

The above described process is the proce dure for 
Normal] 


in the subsonic case, the distribution of ¢» thus obtain 


complete iteration of the given equations 


is used in the next iteration, and the process is repeat 
until the axial velocity distribution produced by 
iteration is the same as that assumed for that particular 
This is the solution. Values of 7, and b 


13). pr 


iteration. 
are then found by use of Eq. 


3.2) Procedure for the Inverse Problem 


Generally, the same procedure of iteration, 


described above for the direct problem, is used in tl 


19 


solution of the inverse problem. Eqs. (10), (13), (2 
24), (26), 
inverse rotor solution. 

It is noted that the integrand of Eq. (35) contains 


(34), and (35) are applicable for the isentroy 


a term involving 1 ¢;. Since in any practical solutior 
the axial velocity at any point across the channel will 
not be zero, this term does not cause any real difficult) 
in the iteration procedure. However, if the origi 
estimate of the axial velocity profile at the downstreat 
station differs greatly from the actual solution, it has 
been found that successive iterations will ‘‘oscillate 
about the real solution but will eventually converg 
as in the direct problem. 

It is obvious that the work output function //( 
given as Eq. (34), must be prescribed reasonably 
For any given channel shape, blade speed, upstream 
conditions, and mass flow, there is a limited range 0! 
blade angles which can be used before the smooth 
flow over the blades is destroyed by separation effects 
The limitation thus imposed by the maximum turning , 
angle through the blade row also limits not only the 
amount of work that can be extracted, but also the dis- 


tribution of this work across the channel. 


3.3) Convergence of Subsonic and Supersonic Solutions 


Fig. 5 indicates that, for any given setup, there ! , 
normally a supersonic as well as a subsonic solution lor 


the direct and inverse problems. Experience 1m Work 
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various tvpes of examples has shown that if the 
dow is in the low subsonic range, point A of Fig. 5, for 
ample, the iteration process converges very rapidly, 
1 only two or three iterations are necessary to ob- 
tin an accuracy of four significant figures in the solu- 


However as the flow becomes highly subsonic, 
is at point B, the convergence becomes less rapid, and 
more iterations are necessary to obtain the solution. 
It is interesting to note that, in the subsonic range, the 
rocess will converge from any reasonable assumed 
listribution of the axial velocity. It is even possible 
to obtain a solution in which the flow is supersonic in one 
part of the channel and subsonic in the remainder 
Example 

It has been found, however, that if the flow is com- 
pletely supersonic (point E of Fig. 5, for example), the 
iteration process diverges rapidly away from the solu- 

Thus if an axial velocity distribution is assumed 
whose average value is represented by point D, suc- 
essive iterations will result in decreasing values of @3, 

| eventually the subsonic solution at point A will be 
reached. If an axial velocity distribution correspond- 

to point F is assumed, successive iterations will 
rapidly increase ¢; toward imfinity. It is the realiza- 

1 of this phenomenon which makes it possible to 
btain the isentropic supersonic solution in a given 
problem. Having made two successive iterations at 
each of the points D and F and having noted the rela- 
tive change in the constant C, 1n these iterations, a 
simple interpolation will give the values of @; corre- 
sponding to the solution at point E once the solution has 
been “straddled. 

It is important to point out the basic reason why the 
proposed iteration process is successful. For either 
the direct or inverse problems, six unknowns must be 
solved for at the downstream station. These are the 
three components of velocity, the pressure, the density, 
nd the temperature. Using the isentropic (or poly- 
tropic) relation along stream surfaces, two of these 
VY. and r;) can be eliminated. The remaining four 
unknowns are made functions of the axial velocity @ 
ind the boundary and streamline configuration. The 
radial velocity is eliminated in terms of ¢; by Eq. (25), 
the tangential velocity A; by Eq. (18) or Eq. (34), and 
the pressure P; by the integral, Eq. (24 Thus, 
effectively, only one unknown remains, the axial ve- 
locity @;, and for any assumed distribution of @;, all 
other unknowns are determined. An iteration process 
must be used to determine ¢; because of the complexity 


1 the equations involved. 


3.4. Correction for the Displacement of Streamlines 


Having assumed a set of stream surfaces for any par- 
ticular example and having found the corresponding 
solution by the proposed iteration procedure, it is pos- 
sible to make a correction to determine more accu- 
rately the actual position of the stream surfaces and thus 
refine the solution. The mass flow functions m(£» 


m(&s) are plotted against radius for conditions at 


Stations 2 4 


ind 3 as is shown in Fig. 6 for Example 2 of 
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the Appendix. Using this diagram and fixing the radial 
coordinates at station 3, it is possible to estimate new 
corresponding upstream coordinates. With these cor 
rected upstream radial coordinates and the upstream 
conditions corresponding to them, the problem is re 
worked and a new solution found. It is to be em 
phasized that this is a small correction and that the new 
solution will not vary more than one or two per cent 
from the solution based on the original stream surfaces. 
An illustration of this method is given in Example 2 
of the Appendix. 


! ADDITIONAL CORRECTIONS AND SIMPLIFICATIONS 


4.1) Corrections to the Basic Solution 


If it is desired to solve for the flow pattern and dis 
tribution of energy in the field at any axial station in 
the blade row itself, this can be done approximately 
by multiplying the axial velocity by a function that 
accounts for the blade thickness and thus reduces the 
effective area of the channel. Assuming a blade thick 
ness function ¢(¢) and a blade S] acing s, the increased 
axial velocity at any point within the blade row would 


be 
ob) = o}S s H(C) 44 $4 


where s and ¢(¢) are assumed to be known functions at 
any radial position across the channel. The assump 


tions used in the direct problem, including that of axial 
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symmetry, remain unchanged, except that the blade 
spouting angle now becomes the mean camber line at 
the point in question. The fundamental equations 
and iteration procedure remain unchanged except for 
the use of the above indicated expression for the axial 
velocity. 

One of the basic assumptions used in the derivation 
of the fundamental equations given in Section (2) is 
that the effects of the vorticity of the flow downstream 
on upstream conditions are negligible. A correction 
to the upstream conditions due to vorticity effects 
downstream could be made using the approximate 
theory suggested by Marble’ for the three-dimensional 


case. If the hub ratio is large, the simpler two-dimen- 


sional approximation given by Rannie!’ can be used. 
Once the upstream conditions have been changed using 
this higher order correction, the corresponding new 
solution can then be found by the same procedure 


previously outlined. 


4.2) Simplification of Flow Patterns 


An investigation has been made to determine whether 
or not there are any special cases in which the equa- 
tions, used in this analysis of three-dimensional, com- 
pressible flow, reduce to a simple expression for the 
Consider the integrated radial momen- 
Since the value of P; 


axial velocity. 
tuin relation given as Eq. (24). 
appears in the integrated mass flow relation, Eq. (23), 
to the power | ‘y, it is clear that, generally, no simpli- 
fication can be made for a channel of arbitrary shape 
where the values of 03(d6. d&) and $3(d03 dé;) cannot 
be expressed in terms of constants and the radius &;. 
However, one simplification does occur in the example 
of a rotor section in a cylindrical channel. In this case, 
if the velocity after the rotor is purely axial, Eq. (24) 
»~)_ Tf, in addition, the total 
across. the 


reduces to P; = C,’ 
temperature and constant 
channel at station 2 and if Ax = a/£& (vortex flow), Eq. 
The 
constant C, is evaluated by applying the energy equa- 


pressure are 
(17) for a straight channel reduces to ¢; = C,. 


tion at a boundary, and the mass flow integral becomes: 


go] y¥-1¢0)°°"-" " 
m= l1— Ciéidé, (45 


fi Tea, ZY T2) 


Str 
| 
tr 


. yo 1/(y—1 ) ) 
Cc; _ l ce a ot , 
m= 1 — ; (46 


Even in this simplified case, Eq. (46) must be solved 
by trial and error for the constant C,. This particular 
example gives a constant mass flow per unit area, and 
the work is taken out uniformly across the channel. 

With the exception of the above case, it can be gener- 
ally stated that there are no special conditions or flow 
patterns in three-dimensional compressible flow through 
turbomachinery using this method which result in a 
simple closed-form solution for the downstream axial 


velocity. 
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4.3) Proposed Optimum Turbine Design Condition 


In the design of a turbine, the condition that ; 
mally controls the amount of heat that can be releag 
in the combustion chamber ts the limiting t 


Mperatur 
that the first stage rotor blade root can safely withstay 


in continuous operation. Since the blade stresses ¢ 
crease from root to tip, the allowable temperatur 
higher at the tip than at the root. This fact allows 
the possibility of increasing the amount of heat releas 
in the combustion chamber, and hence the enc rgy in th 
jet exhaust, for a fixed amount of work taken out oj 
turbine. 

In formulating the optimum turbine design cond; 
tion, reference will be made to a one-stage turbin 
with an arbitrary, but fixed, boundary configuratio; 
such as is shown in Fig. 4. 
pressure in the combustion chamber, the blade speed 


mass flow, and total amount of work to be extracted 


by the turbine are fixed by conditions in the com 
pressor. It is further assumed that the distribution oj 
the maximum allowable total temperature across the 
channel at station 2 upstream of the rotor, based or 
limiting blade temperatures, is known. Since the total 
enthalpy is conserved through the stator row, the limit 
ing total temperature profile at station | is therefor 
known. 

In order that the maximum energy be left in the ex 
haust gases at station 3, the condition is imposed that 
the velocity shall be axial after the turbine (A; = 0 
and that the total enthalpy shall be constant across the 
channel at this station (dr, d& = 0). 

To simplify the formulation of the proposed optimun 
turbine design condition, it is assumed that the know 
limiting total temperature profile at station 1 1s linear 
and that the combustion chamber can be constructed 
so as to give this desired total temperature variation 
across the channel. 

The design problem can then be formulated as 
follows: Given a one-stage turbine with fixed boundary 
configuration, combustion chamber total pressure, blade 
speed, mass flow, and linear total temperature profile 
at station 1, what are the blade spouting angles of 
stator and rotor so that a given amount of work cam 
be extracted by the rotor and yet leave the total tem 
perature constant and the velocity axial at station 3° 

With the above assumptions and conditions, Eq. (04 


can be written: 
HH & = foo tf 


and Eq. (10) in terms of total temperatures becomes 


1) Irs, $s 


If 73, is to be constant at station 3, then the work must 


be taken out across the channel in such a way that 


Aide = Aly (y — 1) ]r2 


Since the linear change in total temperature at sl 
tion 2 is assumed known, the distribution of work 
across the channel is determined by Eq. (49) and by 
the total amount of work to be extracted. 


It is assumed that the total 
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COMPRESSIBLE FLOW IN 


In view of the discussion given previously on limiting 
lade angles, it will obviously not always be possible 
obtain the above proposed optimum condition, par- 
ticularly if the upstream total temperature gradient is 
the could 


apply to 


large. Furthermore, above considerations 


‘tt reasonably a multistage turbine since 
yundarv-laver effects and mixing would soon destroy 
the original total temperature profile. However, the 
lesigner should not overlook the possibility of increas 
ing the gross thrust of a turbine by the use of a total 


enthalpy gradient based on blade limiting temperatures. 


5) OTHER RESULTS AND CONCLUSIONS 


Once the boundary configuration and other necessary 
conditions have been assumed for any particular prob- 
lem, experience in working various examples by the 
proposed iteration process has shown that a basic solu 
tion for the direct problem accurate to four significant 
figures can be obtained for a stator in approximately 
four hours and can be obtained for a rotor in approx1- 
rhe for the 


problem are somewhat simpler and less time is normally 


mately six hours. calculations inverse 
required for this solution. 

Solutions to various types of problems in three-dimen- 
sional, compressible turbine flow have been obtained 
by the method proposed in this paper, and some of the 
results are of special significance. For example, both 
the subsonic and supersonic solutions have been calcu- 
lated for a turbine rotor section similar to that shown 
in Fig. 4. 
3 were then plotted against the radial co-ordinate, and 


The mass flow functions at stations 2 and 


the position of the displaced streamlines was estimated 
A plot of the 
streamline shift for this example is given in Fig. 7 and 
clearly indicates that the shift is in one direction when 
Mach Number is subsonic and in the 


for the subsonic and supersonic case. 


the “governing” 
opposite direction when the “‘governing’’ Mach Number 
is supersonic. The Mach Number has 
been defined by Monroe! as the Mach Number based 


“voverning”’ 


on the meridional velocity instead of the total velocity. 
rhe results given in Fig. 7 agree with the Mach Num- 
ber area rule and Monroe's observation that the de- 
flection of the ‘meridional Mach surfaces”’ is in different 
directions for subsonic and supersonic ‘‘governing”’ 
Mach Numbers. 

Examples have been worked out for a turbine sec- 
tion which show the effect of a decrease in ‘‘polytropic 
eficiency’’ on the three-dimensional velocity field and 
distribution of energy in the flow. For a given channel 
configuration, blade speed, blade spouting angle dis- 
tribution, and mass flow, the results of the calculations 
show that when the efficiency has dropped to 94.5 per 
cent, the average axial velocity at station 3 has in 


») 


creased 2.7 per cent, the average total pressure has 
decreased 2.5 per cent, and the work absorbed has in- 
creased 4.7 per cent when compared with the isentropic 
solution. When the “polytropic efficiency”’ has dropped 
to SO.S per cent, results show that the average axial 
velocity at 


station 3 has increased 8.2 per cent, the 


ARIAL T4 


RBOMACHINES 553 





120 . 
—-— Streomlines Originolly Assumed | P ty 
Corrected Streamlines, v4 
( Supersonic Mg) V4 
Corrected Streomlines, y, a 
3° tA , 
(Subsonic Mg) Y ’ 





RADIAL COORDINATE 








STREAMLINE SHIFT THROUGH ROTOR 
FOR SUBSONIC AND SUPERSONIC 
“GOVERNING” MACH NUMBER 


eg 
- 












Station 3 
020 a25 4 0.30 035 040 OAs 
AXIAL COORDINATE 


average total pressure has decreased 8.0 per cent, and 
the work output has increased 17.0 per cent when com 
pared with the isentropic solution. 


The results of these examples show the reason for the 
‘loading up” of the first stages of a multistage turbine 
as the efficiency drops. As the efficiency decreases, 
more work is taken out in the initial stage, and less 
total pressure is left for the remaining turbine stages. 
Thus, the last stage of a multistage turbine may well 
act as a compressor if the efficiency of the system has 
dropped sufficiently. In view of this, it is apparent 
that the design engineer should design his machine 
for the expected efficiency in the operating range, and 
not on the basis of isentropic flow. 


An example has been constructed to illustrate the 
increase in gross thrust obtainable by the 
Assuming a 


use of a 
radial total temperature gradient. one 
stage turbine configuration similar to that shown in 
Fig. 4 and keeping the mass flow, combustion chamber 
total pressure, blade speed, and work extracted con 
stant in each case, the gross thrust of the turbine was 
calculated for: (a) a constant radial total temperature 
of 1,450°F. and (b) a linear total temperature gradient 
of 400°F. with the total temperature of 
1,450°F. The results show that an increase in gross 
thrust of 918 Ibs., or 7.7 per cent, was obtained by the 


Same root 


use of the radial total temperature gradient indicated. 
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(6) Appendix 

The following data are used for Examples 1 and 2: 

w 734 radians per sec. Pu = 16,300 Ibs. per sq.ft Ro = 1.25 ft. 

y = 1.33 wRpo = 917.5 ft per sec c= 0.25 ft 

R = 1,719 sq.ft. per sec.?°F w*Ro? 0.8418 X 10° sq.ft. per sec.2 W = 164 Ibs. per sec 

Coordinates, slopes, and curvatures for Fig. 4: 

g é g (Of / OF (Of /O¢) (Of /O¢) (0*f /O¢* (07f /o¢* Of 

0.8000 0.7850 0.7600 —()_ 0500 —(). 1000 —(). 1500 —(), 2500 —(). 2500 ) 2500 
0.84388 0.8496 0.8661 0.0047 0.0360 0.0791 0. 1332 0.1467 0.1720 
0.8854 0.9098 0.9605 0.0567 0.1627 0.2829 0.4972 0.5163 0.547 
0.9252 0.9661 1.046 0.1065 0.2813 0.4684 0.8455 0.8620 RRG 
0.9633 1.019 1.126 0.1541 0.39385 0.6398 1.179 1.189 15 
1.000 1.070 1.200 0.2000 0.5000 0.8000 1.500 1.500 1.500 


EXAMPLE | 


Solution for the stator of Fig 


plane perpendicular to the axis. This is an isentropic, subsonic solution for the direc 





! with a radial total temperature gradient of 400°F 


and radial coordinates based on equal areas i 


t problem for a stator | F(é) given Eqs. (12), 


(23), (24), (26), (27) (with appropriate subscripts for stations 1 and 2) and the following equation are applicable for F constant 
Pi, = |: 
g 1 t ‘ 
_ l y(P § y aris _ p \ d62\ 1+F2)Q; n 
oF EF VO+F) (1 4 Fe \\p v=14 i¢.f ~ = tf 
g \!-4 er 1 Of: LY — 1 GF df» g 
Conditions at station 1: (given 
£1 Tit TI PP) 6 
a 0.8000 3.798 3.740 0.6829 —().0341 
b 0.8438 3.978 3. O17 0.7012 0.00383 
C 0.8854 4.147 +. O84 0.7115 0.0403 
dy 0 +. 309 $245 0.7254 0.0773 
y 0.9633 +. 466 +. 398 0.7317 0.1128 
f 1.000 1.615 $545 0.7366 0.14738 
uy = 0, Pip = 1, Pi = 0.940, F = 2.75, Bo = 19°59’, m = 0.02920, AT = +400°F., dri:/di; = +16.458 
Solution at station ?: 
fs ? 6 Dy P tT: V 
a 0.7850 0.7423 —(). 0742 2 041 0.5093 3.213 1.04 
b 0.8496 0. 7080 0.0255 1.947 0.5615 3.447 0.968 
Ce 0.9098 0.6832 0.1112 1.879 0.6000 3.653 0.909 
d 0.9661 0.6646 0.1870 1.828 0.6290 3.841 0.963 
e 1.019 0.6507 0.2560 1.789 0.6523 $.017 0.831 
fs 1.070 0.6402 0.3200 1.761 0.6700 4.179 OQ. S805 
C, = 0.5994, C2 = 0.8459, Pir = Po, Qit = Qee, Tit = Tet 


EXAMPLE 2 





Solution for the rotor of Fig 


t with a radial total temperature gradient of 400°F 


and radial coordinates based on equal areas in a plat 


This is an isentropic, subsonic solution for the direct problem for a rotor 


Gl 


&;) given 


One complete iter 





perpendicular to the axis. 


ation is given for this example to show the method used. Eqs. (10), (11), (13), (18), (23), (24), and the following equations ar ipplicab 
for G constant and Ps, = |: 
we 1 P , 

l . j ri § Y drt . a ss dé { G 14G ) 1 

Oo: = i : (1 —/ = (£odA2) + IG + é dg 
37 &”) (1 + G?) a ‘LP, dot y— 1 dé dé de; 4 
C 
G G 


Conditions at station 2 are assumed to be the same as after the stator of Example 1. 


ordinates, slopes, and curvatures previously given, are: 


G = 1.96 2G = 3.920 
[y/(y — 1)] (dre,/dt2) = 11.550 m = 0.02920 
Bs = 27°02’ G2/(1 + G*) = 0.7935 


Data used in the iteration, in addition to the « 


reas in the 


12), 


stant 


the co 





( 0.1926. 


240 


7600 


SH6 1 


Oly 


}095 
3675 
{POD 
).4709 


COMPRESSIBLE FLOW IN AX 
: —d(&.r 

Ag Factor ( me ) di 
0.1061 0.02083 1.372 —(. 8050 
0.0944 0.01874 1.492 —0.9302 
0.0859 0.01716 1.587 —().9948 
0.0794 0.01593 1.663 — 1.088 
0.0742 0.01495 1.724 — 1.186 

1 £6) [67046 ag 

Go \ A 

0.4694 0.2906 —().0359 
0.6066 —(). 2595 0.0245 
0.7203 —Q.2402 0.1040 
0.8242 —(). 2222 0.1970 
0.9230 —() 2028 0.30138 
1.022 —(). 1784 0.4170 

Op; ( Of ( 0? / ) o# 

di =) mr Og ®) 

0.3771 —(0).0599 +0.3172 
—(). 1576 +0). 0532 —(0. 1044 
—().4464 0.2012 — (0.2452 
—0.5714 +(). 3739 —0.1975 
—0.5752 +0. 5674 —(0.0078 
—().4760 1). 7818 +0.3058 


0.0574 


0.0844 


0 6692 


p (4 1 


i 


0.9052 


0.9057 


0.9061 


0.9060 


0.9049 


0.905 


to 
ur 


+ 0.0013 -+ 


C, = 


0 6692 
P 
0.6692 
0.6710 
0.6720 
0.6718 
6680 


0 


0.6615 


2(1.602 — 0.2209)] = 3 


= () 9052 


(P 


1.145 


_ 


.O8S9 


1.051 
1.018 
0.9904 


ut Cy is found by applying Eq. (10) at the inner channel boundary: 


ak F% 


( 


Average 


1.185 


1.116 


1.070 


1.034 


1.004 


O.{ 


RBOMACHINE 


96546 


9102 


QF 


1111 


ida 


0601 


9 


047 


901 


ISSO 


037 


1594 


0.0948 


0943 


0939 


0940 


0951 


0975 


4( 


t+ 


OOS 


0536 


) OSG65 


). O45. 


» 

y — 1)(é - 
0.006773 
0.00576 
QO. 005042 
0.00449] 
0.004055 

" ) 

() (HMM) 
t) tan 
0.0054 
0.0194 
() 0454 
0 OR690 
AP 

OO051 

) WO44 
~() 00012 

0 OO1L09 
—Q0 OO246 

Average 

0.0945 

0.0941 

0.0939 

0.0945 

0.0963 
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The axial velocity integral [Eq. (51)] is iterated in steps across the channel as follows: 


A@ 
0.02083 11.626 (1.091 — 0.8050) + 3.92 + O. 1064 0.0936 
0.01874 [1.665 (1.087 — 0.9302) + 3.92 — 0.1748 0.0751 
0.01716 [1.698 (1.085 — 0.9948) + 3.92 — 0.2218 0.0661 
0.01593 11.720 (1.091 — 1.088 + 3. 92 — 0.1026 0.0609 
0.01495 [1.731 (1.112 — 1.186 + 3.92 + 0.1490] 0.0592 


The mass flow relation [Eq. (23)] is iterated to solve for C; as follows 


0.02920 = 0.01642 (0.0468 + 1.182C,) + 0.01575 (0.1311 1.077C 
+(.01512 (0.2016 + 0.9985C,) + 0.01454 (0.2651 + 0.9374C, 
+().01397 (0.3250 + 0.8877C;) 
C, = 0.01493/0.07750 = 0.1926 
Solution at station 3: 
é ry 0, r r 
a 0.7600 0.2395 —(0).0359 —(). 2906 0.6692 
b 0.8661 0.3095 0.0245 —(). 2595 0.6710 
y 0.9605 0.3675 0.1040 —(). 2402 0.6720 
d 1.046 0.4205 0.1970 —(0.2222 0.6718 
é 1.126 0.4709 0.3013 —(). 2028 0.6680 
f 1.200 0.5212 0.4170 —(). 1784 0.6615 
Correction of the solution for the displacement of streamlines: 
ee 
m(i.) = . o-0 fodé 
Jf; 
er, 
m(é = . Osdst dé 
Jf; 
é m\ Eo é 
a 0.7850 0 a 0.7600 
by 0.8496 0.00616 b 0 8661 
rom 0.9098 0.01218 C3 0.9605 
dy 0.9661 0.01802 d; 1.046 
e 1.019 0.02369 é 1.126 
f 1.070 0.02920 f. 1.200 


The mass flow functions given above are plotted against radius on Fig. 6 and a corrected & 


station 2 


é Dp 9 Az P 
a 0.7600 0.2339 —(0.0351 —0.3016 0.6692 
b 0.8661 0.3029 0.0240 —(). 2724 0.6710 
li 0.9605 0.3631 0.1027 —(). 2488 0.6725 
d; 1.046 0.4173 0.1955 —(),. 2285 0.6723 
é 1.126 0.4682 0.2996 —().2081 0.6692 
f 1.200 0.5192 0.4154 —(). 1824 0.6620 

C, = 0.1881 C2 = 0.9052 
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3.438 
3.559 
3.698 
3.850 


O07 


166 


19 
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Average 


0.0468 
0.0936 
tepes 0.1311 
0. 1686 
a 0.2016 
O 2347 em 
i 0.2651 
0.2956 = 
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0.3545 
T T 
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3.603 3.623 
3.758 3. 780 
3.904 3.928 
4.041 1.070 
$.165 +. 201 
még 
0 


0.00450 
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0.01578 
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Solution of Complex Nonlinear Plastic 
Structures by the Method of Tearing 


GABRIEL KRON* 


General Electric Company 


SUMMARY 


rial method is developed to solve in easy stages the 


A tenso 
tresses and deformations in complex statically indeterminate 
trusses, When stressed beyond the proportional limit. The 

10d consists of tearing the plastic structure apart into smaller 
structures, or into its component bars, setting up the nonlinear 
ieformation-versus-stress equations of each small structure sepa 
ately, then interconnecting the component nonlinear equations 


ww tensorial methods. The unknown redundant forces arc 


11 inversion and by a successive multiplication of vec 


found by one 


tors with matrices. Detailed numerical example of a truss with 
n nonlinear bars is also worked out and checked against another 


ethod 


INTRODUCTION 
The Problem 


beg PURPOSE OF THE PRESENT PAPER is to extend 
the piece-wise numerical solution of complex elastic 
structures’ to nonlinear problems also. As a first 
step in that direction a statically indeterminate truss is 
assumed to be stressed beyond the proportional limit, 
and the effect of the plastic stress range is investigated. 
[he structure will be made statically determinate, as is 
customary, by cutting the redundant members and 
applying along their axis unknown forces. 

lhe structure will be torn apart into its ultimate com- 
ponents, the individual beams. Each beam will be as 
sumed to follow a non/inear stress-strain relation, Dis- 
placement f (Force). The nonlinear beam equa- 
tions D f (F) will be interconnected by special laws 
of transformation, and the unknown redundant forces 
will be solved by successive approximation. 

It is possible to interconnect the individual beams 
first into several subdivisions and then only to inter- 
connect the latter into the final structure. In order not 
to make the paper too lengthy, these intermediate 
For the 


case such steps have already been covered in references 


interconnections are not considered. linear 


Sand 6. 


PREVIOUS WORKS 


lhe tensorial analysis of pin-jointed /inear airplane 
He also 
pioneered the solution of such structures by the method 


structures has been pioneered by Langefors." * 
of tearing. The nonlinear plastic deformation study 
in the pages 
Wilder Hoff.° Their methods require, however, 
the simultaneous establishment of all the nonlinear 


present follows the basic formulas of 


and 
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* Consulting Engineer, G-E, Schenectady, N.Y 


ood 


Method of 
the 


equations describing the entire system 


Complementary Energy On the other hand 
present paper establishes and solves the nonlinear equa 
tions in easy stages by standard tensorial and tearing 
methods, starting with the isolated individual beam 
equations. 

It is emphasized that the present paper should not 
be considered as a matric reformulation of the scalar 
equations of Wilder. Rather the paper replaces the 
energy relations of Wilder by the topological concept 


of ‘“‘connection tensor’? C. This latter in turn enables a 
systematic tearing apart and piecewise solution of com 
plex structures, linear or nonlinear. Such a partition 
ing of the physical system is not practicable by the 
use of the energy method. 


TEARING APART NONLINEAR SYSTEMS 


It is believed by the author that if a small-scale non 
linear system with a few variables can be solved by some 
approximate or exact method, the same nonlinear sys 
tem on a larger scale, with a very large number of vari 
bles, can usually be solved piecemeal by the method of 
tearing. <A limitation is that across the points ol tear 
a known relation, such as Z Ci’, must exist between 
the pre-tearing variables %’ and after-tearing variables 
#. (Citself may be a function of or 2’. 

It should also be emphasized that the method of 
tearing merely speeds up and enlarges the scope of 
whatever conventional method is available to solve a 

‘near problem. If the physics of the nonlinear 
plur. is such that the method of approximation to 
be used does not converge, or oscillates, the mere fact of 
tearing the physical system into smaller parts will not 
However, a judicious 
way of tearing may produce convergence. Due to the 
very fact that the method of tearing employs the physi 
cal system itself or its model, many opportunities arise 


make the problem convergent. 


to make appropriate changes in the model itself (besides 


tearing) to force a speedier convergence. 
LINEAR ANALYSIS 


Given System 


Let the statically indeterminate truss of Fig. 1 be con- 


sidered. It has eight applied forces as shown. If four 
of the redundant bars are cut and unknown forces 
acting along their axes are assumed [Fig. 2(a)], the 
structure becomes statically determinate. It will be 


assumed first that no plastic deformations arise and 


the structure is linear. 
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Interconnected System 

















= wher 
Applied forces Knowing the flexibility matrix Z of all isolated pg, : 
Redundant forces as hs ral “5 aoe beni cree} 
ri and their interconnection C, the flexibility matrix 7 W 
= ZX Fj of the interconnected system is by Z’ = C,ZC stres 
IK] / | 
I\ | oe a bo 7 ») 
j S || Fr a Cw Cant a Z) PA ; 
=| if| nce, Cae. "1 Z Z,| 
‘wa 
] ie , : : Phat 
! rhe equation of the system is thus 
! A 
J Pm PY ; 
| 2. = Z\ Ze Dp. Z, f° T Z F 7 F 
0) (Z; Z4\,0 = 2;F"°+ Z,F 7 
7 } 

The displacements D, due to the redundant bean rh 
are assumed to be zero. The values of the redundan ctu 
| forces F’ are unknown. 

Prim 
Calculation of Redundant Stresses ry 
] 
: . mee Let the second equation be solved for F Bm tives 
Fic. 1 (left) Given statically indeterminate structure. FG. 2 IN 
Statically determinate structure: (a) center, ‘‘interconnected”’ = 5 = 2 — 
system; (b) right, ‘‘primitive’’ system Fv = —(Z4) 231 — Y'Z;F" BI g 
The matrix Z;, whose inverse has to be calculated In 
**Primitive’’ System has as many rows and columns as there are redundant at 
‘ ; , forces. ! 
If all bars (including the redundants) are isolated, ail 
PaaS TY ie le Often there exist a large number of redundant bars i 
the ‘“‘primitive’’ system of Fig. 2(b) is established. ee a 


_ ; ' rh als ; ; (as in airplane structures) so that the inverse of Z, can 
Its ‘equation of solutions’ may be written by mere 1n- : é é see 9 
not be found in one step on the available digital con 


spection as nal 
puter. In such cases the resultant structure is ton si 
D=ZF (1 apart into several subdivisions first and then only int ions 
* ne - ; the individual bars, as has been shown by Langefors ‘ 
where / are the applied forces and D are the displace- ; . * ; Heist trary 
et ioe mS aa al in reference 3. He shows that the process of tearing 
ments. The flexibility matrix Z is diagonal, and each ‘ ‘s det 
a é as os reduces the number of redundant variables, as well as 
of its element has the form (when plasticity is ignored) ; é : a 
leading to great savings in the inverse calculation of th ; 
Z = L/(EA) (2 remaining redundants. ; 
Connection Tensor Calculation of Other Quantities 
_ \n 
If a unit force is impressed at any junction-point of If F’ has been found, the displacements due to th 
Fig. 1, the internal stress appearing in every bar can applied F* are found by substituting /’ into Eq. (7a 
be calculated outright by statical methods given in 7 vor . 
_ 9m. 3 
textbooks on structures. (A small numerical example Di 7 au S 2:1 | It 
is worked out later.) Jhe internal stresses due to one D, = (41 “4 ileal | i 
. ° y° . . -_ 7 'ia ; e 
of the unit applied forces form one column of the connec- Zy'4 ito 
tion tensor C. If all the internal stresses are calculated ‘sea - Seiad . : on id 1 
; ; ; ; aye a : The stresses in the individual bars F are found by E 
in succession for each unit applied force F’ and for each 
° ° Fe, a) (2) i Conn 
unit redundant force F’, all the columns of C are thereby 
established. They represent by / = CF’ the relations F= C.F" + CF" = CF 0) | Lh 
between all internal stresses / and all external forces a ; ; — » en 
PF’ x Che amount of stretching of each bar is found by § - 
mn ' =) er (1). 
Since the external forces /’ consist of the sum of ap- stres 
plied and redundant forces Dp = SF ) re 
, ‘ ‘ : F ento 
Ff’ = fe = ft + (3 ; E 
PLASTIC CREEP si 
the connection tensor C can be split into two sets of ‘orm 
columns as Nonlinear Stress-Strain Relation this | 
= aes Let it be assumed now that for each isolated bar 0! 
Paw BOAT (4) sy : ; q Invar 
a Fig. 2a the relation between the axial stress F and stra 
tan) 
and F = CF’ may be written as D is no longer linear but is nonlinear _It 
; CF’ 


P=CF =CFr=CP+ CF (5) D= ZF + Z,f(F) 2) | from 
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SOLUTION OF 


where {(F) is an arbitrary function of F. For steady 
creep /(F) is independent of time. 
Wilder in reference 4 assumes the following nonlinear 


relation in each bar 


+ 1(3/7)[L/(AE) ]Pr}(F/ Pe 


stress strain 


D= {(L (AE) IF; 


13 
[hat is, for each isolated bar 
Z=L/(AE \lternative definitions 
2 3,7) (L (AE) |Pr Z, = (3/7) [L/ (AE) (Pe 
F F Py CP) = 
(14) 


Phe following derivation will be independent of the 


iwctual form of /(F 


Primitive System 

fhe nonlinear ‘“‘equations of solution” of the primi- 

tive system of Fig. 2a (all bars isolated) is 
D ZF + Z,f(F) (15) 

In the present example of isolated bars the symbols 
describe the following constants: 

1) Z (the “elastic’’ flexibility matrix) is diagonal 
ind contains the bar flexibilities. It is the same that 
occurs in the linear case, Eq. (1). 

2 Z. the ‘‘plastic”’ flexibility matrix) is also diag- 
onal and contains the constant coefficients Z, of the 
nonlinear terms. 

Each of its elements is an arbi- 


When f(F) 


3) f(F) is a vector. 
trary function of its respective stress F. 


is defined as (F. Pr,)", its value is 


1 2 
| F/P rz)" F'/Pp1)"(F?/P ro)" 
(F*/Pr,)"| (16a) 
\nother alternative definition is 
1 2 j 
F F (FF!) *( F7)*, . (Fr)"] (16b) 


It should be emphasized that Eq. (15) may represent 
the nonlinear equations of any sef of small structures, 
into which the resultant system has been torn apart, 


ind not necessarily only those of isolated bars. 


Connection Tensor 


The connection tensor C of the nonlinear system is 
lentical with that of the linear system. This is due to the 
fact that the linear relations existing between the 
stresses on the two sides of each point of tear are assumed 
That is, F = CF’ is independ- 
ent of the rest of the system. 

Even if it happens that F = CF’ assumes a different 


to remain unchanged. 


lorm for the nonlinear case, the basic derivations in 


this paper are still valid. 


Invariance of Elastic Energy 


P It should be recalled from reference 7 that if F = 
CF’ is given, the law of transformation of D follows 
irom the fact that the stored elastic energy in the pri- 
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mitive system of Fig. 2(b) is the same as in the inter 
connected system of Fig. 2(a) (if each bar is subjected 


to the same stress). That is 


FD = F'D’ ¥e 
From the above relation follows the law of transfor- 


mation of Das D’ = C.D. 
that the form of the stress-strain equation D ZF 


By making the assumption 


remains invariant, the law of transformation of the 
elastic Z follows as Z’ = C,ZC. 

Now im a steady plastic creep the stored elastic energy 
is still the same in the primitive system of Fig. 2b and in 
the interconnected system of Fig. 2(a) (if the stresses in the 
individual bars are the same Hence the law of trans 
formations of the displacement vector remains un- 


changed. 
D' = C.D (18) 


(Strictly speaking, the law of transformation of D |Eq. 
(18) ] follows from topological considerations, and the 
invariance of elastic energy [Eq. (17)] is only a conse 
quence of the underlying topology. However, for engi 
neers, the reverse derivation appears to be more plau 
sible.) 

The question still remains: What is the law of 
transformation of Z and Z,? Again the invariance of 
the form of Eq. (15) will be used as a determining fac 


tor. 


Laws of Transformation of Z, Z,, and} 


The nonlinear equation of the primitive system of 
Fig. 2(a) is given in Eq. (15) as 


D=ZF+Z,f(F 19) 
Let F be replaced by CF’ where F’ = F* are the ex 
ternal forces 
D = ZCF' + Z,f(CF’ 
and let the equation be pre-multiplied by C, 
C.D = CZCF' + C,Z,f(CF’ 20) 
Since it is intended to maintain the form of Eq. 
(19) invariant for the interconnected system also, the 


equation of the interconnected system must be 
D' = Z'F' 4 a at 2] 


It follows that the laws of transformation are [comparing 
Eq. (20) with Eqs. (21) and (18 


(1 Z' = CZC 22) 
2 Z',=CZ 23) 
3 f'( f( CF’ 24 


The elastic Z transforms the same manner as in the 
linear case. The plastic Z, transforms as a covariant 
vector D, while the nonlinear f becomes only rear- 


ranged internally as a tensor of valence zero. 
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Partitioned Equations 
Replacing C, F’, and D’ by their partitioned form, 


the single Eq. (21) becomes 


fre F ry C Fr 
D, o ae uo | ae 
Oo} {4 2 Z ‘| mr 
where Z,, = Ca:Zp| Zr; oF (26 
CF) = f(C,F¢ + CF) = (C,F* + CF)" (27 


Writing the two nonlinear equations separately 


(28a) 


D, = Z,F* + ZF" + Z.)f(CF* + CF’ 
+ Z,,f(CF* + C.F’ 


(2Sb) 


0 = Z,F° + Z4F 

The redundant forces F’ (also D,) are unknown, while 
F* is known. 

If so desired, the above equation of the given struc- 

ture may be used with similar equations of other struc- 

tures to build up the nonlinear equations of super 


structures. 


Final ‘‘Equations of Solution”’ 


Let Eq. (28b) be multiplied by the inverse of 2; 
Fr = —YV1Z,F¢ — V'Z,,f(C,F¢ + C.F 
If the following matrix products are introduced 
B= —Y'Z;'G = —Y*Z,, (29) 
the nonlinear equation for F” is 
FP o= BFe+ GC, + CF) (30) 


The expression in parentheses represents the internal 
stresses F in the individual bars. 

The last equation and Eq. (28a) represent the ‘‘equa- 
tions of solution” of the nonlinear system. The equa- 
tions are in a final form ready to evaluate numerically 
the unknown vectors F, F’, and D, for any assumed 
numerical set of impressed forces F’. 

The above two equations of the given structure and 
similar equations of other structures may be intercon- 
nected by a C to construct the nonlinear equations of 
superstructures. In other words, the inversion of Z, 
of the subdivisions of a superstructure may be per- 
formed either before or after their interconnection. 


Steps to Solve for k’ 

The nonlinear equation [Eq. (30)] for F’ may be 
solved for any assumed applied forces F“* by successive 
approximations only. In particular, the following 
steps may be made: 

(1) First 
f(F) = 0. 


assume the plastic effects absent and 
Then the redundant forces are 

fy’ = BF (31) 
(2) Substitute /)’ into Eq. (30) and find the internal 


stresses F of the individual bars 


F= C.F*+ C,Fo = Pot + Fe’ (3: 


bo 


valid in the absence of plastic deformations. 
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(3) Knowing Fy find f( Fy 
fy) into the nth power. 
(4) The first improved value of F’ is found by 


by raising each element 


F, Fy’ + GhF 3: 


Steps (2), (3), and (4) are repeated until the improve 


ment in F” is negligible. That 1s, the kth improy, 


value of F’ is found in three steps: 


(a)  - Fie + CF, 2"| 
(b f(F,_1) = (F,_1)" 4 
(c) F. = Fy + Gif. 


Successive Approximations 


For any assumed value of applied forces /“ each a; 
proximation consists of adding vectors and multiplying 





a matrix (C, or G) by a vector. No inversion of m 

trices occurs, nor a multiplication of two matrices. The | 
Fs Aa ce 

vector /y’ and Fy" are calculated only once for each | 


assumed set of applied forces F" 

It may be mentioned that if the inverse of matri 
Z; is calculated by tearing apart the entire system int 
n subdivisions, then the factorized form of Y* contains 
only a small fraction (1. Vm) of nonzero elements 
that of a conventional inverse. Hence, if G of E 
(29) is left also in a factorized form (as — Y‘Z,,), ther 
the product Gf would also require less multiplications 
by a factor of 1/Vm during each successive approxi 
mation. 

Of course, the convergence of the approximations 
may be improved by other available methods. 

After F’ and the internal stresses F have been fou 
by successive approximation, the displacements D 


due to the applied forces may be found by Eq. (28a 


NUMERICAL EXAMPLI 


Given Structure 

Let the example worked out by Wilder in reference 
be repeated by the tensorial method of the present 
paper. The statically indeterminate structure of Fig 
3 is considered and is made statically determinate b) 
cutting two of the bars [Fig. 4(a)]. One applied for 


| = 10 exists. 


Constants of the ‘‘Primitive’’ Structure 
The ‘‘elastic’’ impedance matrix Z of the ten bars 
the ‘‘primitive’’ system of Fig. 4(b) is (showing the diag 
onal elements L AF of Z in a vector form to sa 
space) 
a b d e / g h : 
Z = [120 250 250 120 200 120 250 250 120 200 


The value of plastic force vector Pp for each bar 's 


[needed in f(F) = (F Pp)"] 
Py = [10.125 8.1 —8.1 —10.125 —S 
10.125 8.1 —S.1 10.125. 8.1] 
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Each diagonal element of the “‘plastic’’ flexibility 
matrix is defined by Wilder as 
Z 3 7)(L/(AE) |Pe 37 
The diagonal elements of Z,, are thus (arranged in a 
ector I 
7 aLa 1212 2020 - 2025 = 4212 - 1620 
12 =2025 -2025 —1212 1620] 
38 


The exponent n (shape parameter) 1s 6.56. 


Connection Tensor 


Each applied force /” and unknown redundant force 


issumed temporarily to be unity. Assuming 


ee a8 
each unit force to act in succession, the internal stresses 
in all bars due to them are calculated by any manner. 
In Figs. 5 to i force polygon at each joint is con 
structed for that purpose. The internal forces due to 


each unit force are listed in a vertical column. (Com 
pressions are positive. 

In the present example there exist one applied force 
ind two redundant forces. Hence, there are three 


columns in C 








0 2 
af 0.75 —0.6 T 
h + ] I ] 
( | 
( 1.5 0.6 
c y 8 =8:8 sai ale : 
| 0.75 ~0.6 al . 
¢ | 
} 1.25 l 
| -0.0 
[ l —0.8 | 
lhe matrix splits by a vertical line into C, and C 


Flexibility Matrices 
[he ‘“‘elastic’’ flexibility matrix Z’ is found by C,ZC 
where Z is given in Eq. (35) | 
L3SS6 306.5 — 526.5 Z 
Z' 366.5 714.4 128 ‘2 
926.5128 S42. 4 L 
he “‘plastic’’ flexibility matrix Z,’ is by C,Z, [Eq. 


jo 
» 


7 3. 909 2531 ISIS ISIS 
7L—729 2025 —2025 729 1296 
1296 —729 
2.3 | 1620 ale 
( 0 0 ) [ Z »| 1] 
( >? 
LZ _ 


2025 —2025 —729 1296 


Final ‘‘Equations of Solution’ 
Che inverse of Z,; of Eq. (40) is 


é 0.00148S95 
0.0002 1S64 


—(0. 0002 1N64 
0.0012203 1 
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System to be solved numerically. Fic. 4 


Fic. 3 (top } 
i) Jleft, interconnected 


System made statically determinate 


system; (b) right, ‘‘primitive’’ system 
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The product B = — Y4Z; is 
0 
5 _ If —0.64249 7 
-_ | peed — 
The product G = — Y‘Z,, is left this time in a factor- 


ized form, since Z,, is half empty and Y* is a small 
matrix. On the other hand G would be a full matrix. 
(Also the unmultiplied form gives a better comparison 


with the columns of Wilder’s example.) 


Elastic Case 
Wilder assumes the single applied force as F* = 10. 
The redundant forces in the linear case are 


5; pre. 11 —6.4249 
a | oa 


(This vector will be used several times during the suc- 


(44) 


cessive approximations. ) 
The external forces are thus 


0 l 2 


= [10|—6.429 7.2262] (45) 


f’ = F 


The internal stresses in each bar due to the single 
applied force /“ = 10 are 


Fy = C.F = 
a b ( d e fg h z ¥ 
[7 & 125 0 =—15 0 7.5 0 —-VW.5 O 10] 
(46) 
(This vector will also be used several times during the 
successive approximations.) The internal stresses due 
to the redundant forces Fy’ are 


f,” = C.F = 


[3.8549 —6.4249 —6.4249 3.8949 — .6411 
— 4.3357 7.2262 7.2262 —4.3357 —5.781] 
(47) 


The total internal forces are their sum 
F, = CF = 
[11.355 


3.16 €.220 


5 —.6411 
5 1.219] 
(4S) 


6.075 —6.425 —-11.1 


| 
—95.274 —4.33 
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Effect of Plastic Deformations 


The vector f(F) = (F/Pr)" is, when the « xponent » 
is 6.56, 

O.2185 |] 
0.0599 0.0038 


1St5 S771 O 


1729 


f(F) = [2.1214 0 


0.0005 0 


0.0139 


The product Edt F) is 


= os — 134.7 
Zr) = | 351 7 ov 


The effect of plasticity is by — Y*(Z,,f 
0.2707 


—& 








— Y*(Z,,f) = GF = | : 
LOSS | 


Hence the first corrected values of the redundant forces 


are by Eq. (34) 


., _[F'] _ [-6.1542 ; 
7? | - | 6 mond 


All results check with those of Wilder.‘ 
Calculating now the corrected internal forces fF). a 
new set of redundant forces may be calculated. 
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Elasto-Plastic Bending of Beams on 
Elastic Foundations’ 


PAUL SEIDE: 
Northrop Atreraft, Ine. 


ABSTRACI 


je f 


for the determination of elasto-plastic deforma 


supported beams having a bilinear stress 


' 1 
ms of elastically 
ire presented and compared. One method involves 


ution of the fourth-order nonlinear differential 





tio associated with the engineering theory of beam bending 
le the other linearizes the problem by replacing the nonlinear 


Results 


agreement 


oment-curvature diagram with its linear asymptotes 


btained two methods are in excellent 


through the 
linearized method is recommended for investigation of the 
itial phases of bending of elastically supported beams in which 
i few plastic regions appear. Neither method has any par 
lar advantages when the beam has many plastic regions 


both methods involve a tremendous amount of computa 


tion. Computed deflections for finite elastically supported 
ns are in good agreement with experimental results; differ 
nees of five per cent are consistent in the elastic and in most of 


the plastic regions 


SYMBOLS 
width of beam at any layer in the cross section; 
maximum width of beam 
I Young’s modulus of beam material 
slope of linear strain hardening portion of stress 
strain curve 
half-depth of beam cross section 
moment of inertia of beam cross section 
foundation modulus 
length of finite beam 
bending moment at any beam station 


moment i 


maximum possible bending pertectly 
plastic beam 

causing vielding of outermost 
o*Io/h 


ipplied concentrated load 


bending moment 


beam fibers (.17* = 


concentrated load for which yielding begins at outer 
most beam fibers 
MP /M* 


distributed load on beam 


nondimensional distributed load (g = g/\J/*X 
nondimensional distributed load (¢ = U pd 
nondimensional bending moment ratio (£ = 1//1/*) 
1ondimensional bending moment ratio (7 = 1// MM, 
\ shear foree 
beam deflection 
beam deflection at point of application of concen 
trated load when yielding begins 
Mpw*/M* 
distance along beam 
distance from neutral axis to any laver in beam 
cro section 
Km — Xz] 
Presented at the Structures Session, Twentyv-Third Annual 
Meeting, IAS, New York, January 24-27, 1955 
Che present Paper ts esse ntially a condensation of the author's 
tion for the degree of Doctor of Philosophy at Stanford 


University, prepared under contract N6ONR-251 Task Order 11 


VN R-064-240) for the Otlice of Naval Research 
i Research FE 


ngineer, Structural Research Group 
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F = strain 

a = yield strain 

\ = (k/4EI 

p = beam radius of curvature 

a = stress 

oO = yield stress 

x = nondimensional distance along beam (x \, 

x = nondimensional length of finite beam ( x N 

N = nondimensional distance along beam (x \ 

, = nondimensional length of first plastic region 

\ = nondimensional length of first plastic region [, 
(A/A) xp 

¥ = ratio of depths of elastic core and cross section 

gn = +1 if quantity in parentheses is positive, 1 il 

quantity is negative 

\ = (k/4EI,)'4 


INTRODUCTION 


y CONTRAST TO the voluminous literature on elastic 
beam bending, specific information available on 
elasto-plastic beam deformations is very meager. 
This deficiency may be attributed to several factors 
First, the solutions for elasto-plastic beams include 
that 


i.e., the shape of the stress-strain curve, 


several parameters do not enter into elastic 


problems 
the shape of the cross section, and the nonlinear de 
load, 


calculations 


pendence of deflection on thus substantially 
the 


completely define the results for any problem. 


increasing number of necessary to 
The 
nonlinearity of the differential equations for beam 
bending makes it impossible or exceedingly difficult 
tedious to obtain exact or even 


and approximate 


solutions for most problems. Finally, a knowledge 
of the ultimate load of a structure is often sufficient for 
This 


quately in most cases through the methods of limit 


design purposes. load can be obtained ade 


design without an investigation of the intermediate 
stages of elasto-plastic deformation. 

The present paper is concerned with the elasto 
plastic bending of beams on elastic foundations. This 


class of problems is not susceptible to the methods of 
limit analysis since an ultimate load cannot be defined 
as for other structures. It is intuitively obvious that 
the beam will offer resistance to further bending so long 
as the foundation continues to resist additional loading 
The 
important analytical question is, then, not what maxi 


or until the beam material actually fractures. 


mum load can be carried but what deflections will be 
encountered. Hence, for these problems a detailed 
analysis of beam deformations is necessary and methods 
for overcoming the difficulties associated with the solu 


tion of nonlinear differential equations must be sought 
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Fic. 1. Assumed stress-strain curve. 
The results of such an investigation are reported 
herein. 


ASSUMPTIONS 


Most of the assumptions made in the engineering 
theory of elasto-plastic bending of beams are those 
made in the corresponding Bernoulli-Euler theory of 
elastic beams: plane cross sections of the undeformed 
beam are assumed to remain plane and perpendicular 
to the neutral axis of the deformed beam, and all stress 
components except the normal stress in longitudinal 
beam fibers are neglected. The relationship between 
fiber stress and strain is, however, assumed to be given 
by the stress-strain curve for the beam material in 
tension and compression, which is, of course, nonlinear 
as compared to the relationship for elastic beams. 

In the present investigation, the nonlinear stress- 
strain curve is assumed to be the same for both tension 
and compression and is represented by two straight 
lines, as indicated by the solid curve in Fig. 1. The 
slope of the elastic portion is given by Young’s modulus 
FE, of the material, while the slope of the second line, 
I, indicates the degree of strain hardening after the 
yield stress o* is reached. If the yield stress has been 
exceeded in any fiber and the stress is then decreased, 
the strain decreases along a line parallel to A D—dashed 
line BC for example. When the stress has decreased 
an amount 2o* from its original value, further decreases 
in stress cause the strain to decrease along a line such 
as CD, the extension of the strain hardening path for 
Thus the beam material can be made 
that is, a decrease in the 


initial loading. 
to show a Bauschinger effect 
compressive yield point for fibers loaded beyond the 
tensile yield point and vice versa. The two-straight- 
line representation of a stress-strain curve is a fair 
approximation for many materials such as mild steel, 
annealed rail steel, and the aluminum alloys. 

A further simplification of the problem under con- 
sideration is afforded by restricting the investigation to 
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SCIENCES 7 
beams with cross sections having at least a horizont, 
axis of symmetry and which are restrained to be 
about that 
loading and shifting of the location of the neutral ay 


axis. Thus bending out of the plan 


with applied moment for the general cross section a; 


not considered. The foundation itself is assumed + 


be of the Winkler type with deflections at any point 
proportional to the vertical load applied at that point 





DIFFERENTIAL EQUATIONS OF INITIAL ELASTO-PLast 
BENDING 


The moment in a beam restrained to bend about 
horizontal axis of symmetry and of a material with | 
identical stress-strain curves for tension and compres 
sion is given by 


N= | yb(y)al(y dy 
e ( 


) 


For initial loading of the beam (monotonic increase ( 


the elasto-plastic cross-sectional moment at ever 
point), the stress-strain relations are given by 

o = Ee pe] Se Za 
o = [Ee* + E(le| — e*) ]sgn € €* 2I 
The use of the assumed geometry of deformation yields 


the usual expression for fiber strain in terms of the dis 
tance of the fiber from the neutral axis and the beam 
curvature 

€= y/p 


It is more convenient, however, to replace the bean 
curvature by the parameter y which is the ratio of the 
height of the elastic region of a cross section to the total 
height of the beam (see Fig. 2). This is achieved 
through the relationship 


= 


ao*/E = (Wh/p)sgn p 

The substitution of Eqs. (3) and (4) into Eqs. (2) yields 
a = (o* Wh)y sgn p (iy) < ph 5a 
o*}1 + (E/E) [(\y! ‘wh 


gg = 


Eq. (1) for the bending moment then becomes 





A B 








Wh o* 
= = 
é 
Cc 
€ =< : + 
max max 
Fic. 2. Assumed stress (A) and strain (B) distributions. 














11 





fro’ 


wh 


horizonty 


| to ben 
plane 
utral ay; 
ction ir 
sumed t 


iny pe int 


t point 


- Plast 


abc ut 


rial with 


COM pres 


n yields 


the dis 


e bean 
» of the 
le total 
‘hieved 


yields 


db 





BLASTO-PLASTIC 


y { 
— =f yb(y) dye sgn p (6 
wh f 


With the introduction of the positive bending moment 
required to produce yielding of the extreme fibers of 


the beam 


ind recognition that positive bending moment produces 
urvature, the final equation for bending moment be- 


mes 


Phe right side of Eq. (S) is a function of y only and 


can be solved, at least in principle, to yield 


y y(| W) M* 9 
from which 
| de o* son (M/M* 
10 
p ax keh y| M\ M* 


A second relationship between deflection and bending 
moment is obtained from the equations of equilibrium 
of vertical forces and moments for an element of the 


) 


elastically supported beam (see Fig. 3). 


dM/dx = V lla 
dV dx w+t+gq=0 (11b) 

which may be combined to yield 
d?M/dx*) — kw+q=0 12 


The final equations for elasto-plastic bending of 
elastically supported beams are now obtained by com- 
bining Eqs. (10) and (12) and nondimensionalizing the 


resulting equation to obtain 


d't-dx') + A[sgn 7 Y(\7))] = 


—(d°g <1) (18 


dx") Ci 


where? = M/M*,x = dx, \ = (k/4Eh) 4, g=q M*)?. 
Relationships for moments, shears, and deflections in 


terms of the nondimensional parameter / are given by 


M = M*} (14a 
l= M*y(dt/dx) (14b) 
w= (M*\* k) ((d?t/dx?2) + G] (14c) 


Eq. 
have been strained beyond the yield strain of the mate- 
rial 
Eq 


13) applies only to beam cross sections which 


For those cross sections which are wholly elastic 


13) is replaced by 
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V+dV 


dt dx? T 7) 


LINEARIZED DIFFERENTIAL EQUATIONS 


and (15) in conjunction 


The solution of Eqs. (13 
with appropriate boundary conditions is difhcult, even 
numerically, since the curvature parameter y 1s not an 
explicit function of / and has a different nonlinear form 
for beams having different cross sections (see Appendix 
A). Fortunately an approximate expression can be 
obtained that is applicable to any symmetrical cross 
section and has the further and, by far, more important 
advantage of being linear. 

A series of graphs of the moment parameter J/ \/ 
U*/M,y for 


beams with /, rectangular, and elliptic cross sections is 


plotted against the curvature parameter 


shown in Fig. 4 for several values of the strain hardening 


parameter EE. The moment VV, is the limiting mo 


ment that a perfectly plastic beam cross section will 


carry and is given by the limit of Eq. (S), with k & 
equal to zero, as Y approaches zero 
- = yO(y) dv yv-O(y) dy 16 
ee a 


It can be immediately seen that not only do the curves 
for different cross-sectional shapes fall very close to 
one another but they are also closely represented by 


the asymptotic solid lines 
MM, M\ <M l7a 


M* 'M,y = (E E [| M 
l7b 


Eqs. (13) and (15) can thus be approximated by the 


linear expressions 


d‘i k a d g 
+ 44 = 4[(1 — —] sgni —- — 
dx? k ax 
f ; lSa 
(d*t dx*) + 47 = — d*g dx’ M* M, 
f l INb 
where 7? = M M,, x = (k/4EI))x' 4, and g = W,X?. 


Special attention must be paid to the limiting case of a 
perfectly plastic beam (/ E = QO) as indicated in Ap 


pendix B. 
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IyFINITE ELASTICALLY SUPPORTED BEAM SUBJECTED 
ro A CONCENTRATED LoaD 


To test the adequacy of the linearized equations for 
the determination of the deflections of elastically sup- 
sorted beams, an investigation of an infinite beam sub- 
ected to a single concentrated load was made by means 
{ both a numerical solution of Eq. (13) and an analyti- 
al solution of Eqs. (18a) and (1S8b). A detailed der- 
‘vation of the linearized solution is given in Appen- 
lixes B and C. 


the following approach was used: 


For the numerical solution of Eq. (13) 


When the concentrated load P has exceeded a value 
p* (P* {.17*\), each half of the beam is divided at 
frst into two regions, a plastic region in the vicinity of 
the load and an elastic region that extends to infinity 
The moment at the juncture of the elastic 
If the 


shear force at the juncture is assigned some value, the 


See Fig. Dp): 


ind plastic regious of the beam is equal to 1/*. 


leflection and slope of the elastic region at the juncture 
ire determined. These values of moment, shear, de- 
flection, and slope are then four initial conditions for 
the fourth-order differential equation defining the plas- 
tic region, which can now be solved by numerical 
integration methods. The process of numerical inte- 
gration is continued until a point is reached at which 
the slope of the beam, or the third derivative of the 
moment [see Eq. (l4c)], vanishes. The length of the 
plastic region is then known, and the value of the first 
derivative of the moment at that point yields the 
concentrated load applied to the beam. This pro- 
cedure can be continued until some other part of the 
beam becomes plastic or, as was found in the analysis, 
until some part of the initial plastic region is subject 
to a decrease in moment. A more detailed description 
of the numerical analysis and the attendant difficulties 
is given in reference 1. 

Numerical results computed with the linearized 
theory are compared in Figs. 6 and 7 with the corre- 
sponding results of the numerical integration process. 
Shown are the variation with load of the deflection and 
bending moment beneath the concentrated load for an 
infinite rectangular beam of a perfectly plastic material 
id of a material having a strain hardening parameter 
equal to 0.035. * 
neath the load when yielding is first encountered and is 
given by 2M *\?/k. 
two sets of results are found in the vicinity of the yield 


The deflection w* is the deflection be- 


Maximum deviations between the 


load, as is to be expected since the approximate and 
exact’ moment-curvature diagrams differ most in 
this region, but are less than 2 percent. Over most of 
the range of load shown, the results of the two methods 
re practically indistinguishable, thus indicating that 
the linearized analysis is decidedly adequate. 

In Figs. S and 9 approximate values of maximum de- 
flection and moment in an infinite beam are given for 
Various values of the strain hardening parameter E/E. 
rhe analytic results indicate that both these quantities 
lor a given load vary almost linearly with the quan- 


ae @ >\1 _ i ; . 
lity (£/E hus, accurate determination of the 
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Fic. 10. Schematic test setup 


strain hardening slope of the stress-strain curve of a 
material is important when the slope is small, since 
only slight variations in the slope have a pronounced 
effect on deflections and moments. In Figs. S and 9 
the onset of a second plastic region in the beam is indi 
cated by dashed curves. No further calculations have 
been made because of the excessive time and labor that 


would be involved. 


COMPARISON OF THEORY AND EXPERIMENT 


The experimental results reported by Richards in 
reference 2 provide an opportunity for investigating 
the validity of the results of the present investigation. 
Nine simply supported 24ST dural beams of rectangular 
cross section were subjected to a centrally applied 
concentrated load. Each beam had a length between 
supports of 30 in. and was supported on 19 elastic 
springs at 1!» in. spacing. The test setup is shown 
schematically in Fig. 10. 

The cross sections of the beams were of two different 
, in. deep and two 


sizes, seven being '/» in. wide and 


being //2 in. wide and | in. deep. The spring constant 
was equal to 197 Ibs. per in. and was divided by the 
spring spacing to yield a foundation modulus k of 131 
Ibs. per in. per in. The variation with load of deflec 
tions at the center of each beam and at four stations 
on either side were obtained during the tests. The re 
sults for all beams of a given size were in very close 


agreement. 
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Fic. 12. Comparison*of_theoretical and experimental maximum 
deflections 

In comparing the experimental and theoretical re 
sults, some allowance has to be made for differences 
between the stress-strain curve of the beam material 
and the curve assumed in the theoretical investigation. 
The stress-strain curve obtained for the beam material 
is shown by the solid curve in Fig. 11. Young's 
modulus is 11 X 10° Ibs. per sq.in. and the curve slopes 
gradually beyond a stress of about 30,000 Ibs. per sq.in. 
until it becomes linear with a slope equal to 0.035 times 
the initial Young’s modulus. This stress-strain curve 
was replaced by the two dashed lines shown in the 
figure, which gave a value of the ficticious yield stress 
o* equal to 49,400 Ibs. per sq.in. Pertinent quantities 
for each of the two types of beams are given in the 


following table: 


Beam | Beam II 
h, in. 3/4 l 
b, in. 1/2 
i, wm. 30 
Io, in.4 9/512 1/24 
E, psi it Kx Ie 
k, psi 131 
XN, in. 0.114 0.092 
AL 3.425 2.760 
P*; Ths. 1012 12SS 
w*, in. 0.477 0.483 


The experimental results, reduced to the nondimen- 
sional forms P P* and w/w*, are shown by the circles 
and crosses in Fig. 12. For comparison, theoretical 
results obtained from the linearized analyses of Ap- 
pendixes B and C for finite beams are indicated by the 
solid curves. While the theoretical results are con- 
sistent with experiment, there is a 5 per cent error in 
both the elastic and upper plastic ranges. In the vi- 
cinity of the yield load the error is about 12 per cent, 
but this is to be expected since the assumed stress-strain 
curve and the derived bilinear moment-curvature 
diagram are most in error in this region. 

Also shown in Fig. 12 is the approximate load-deflec- 
tion curve for an infinite beam. This is very close to 


ICAL SCIENCES FUN EF, 1956 


the curve for a beam with an effective length of 3 19) 
and leads to the conclusion that the lower limit 
effective length for interchangeability of finite anq ; 
finite beam results is similar to that indicated } 
Hetenyi in reference 3 for elastic beams, nam 
AL > w. It is recommended, however, that when j; 
finite beam results are used for finite beams the yie 
load and deflection for the finite beam should be ys 
in calculating the quantities P “P* and w 

\ striking indication of the validity of the use of j 
finite beam results for finite beams of relatively lon 
effective length is shown in Fig. 13 by a comparison 
deflections computed for the infinite beam by the : 
merical integration method and those obtained ¢ 
perimentally for the beam with effective length equ 
to 3.425. The shapes of the theoretical and exper 
mental deflection curves are practically identical over 
most of the finite beam length, but deviate, of cours 
near the supports where the infinite beam deflections 


not vanish. 


CONCLUSIONS 


Numerical methods of integration of ordinary di 
ferential equations have application to the problem 
plastic bending of beams on elastic foundations, esp 
cially in those cases where there is a definite distinctior 
between elastic and plastic regions for which the use 
variational methods has not yet been developed as 
practical method. These numerical methods have beer 
applied to the problem of the bending under concer 
trated load of an infinite rectangular beam on an elast 
foundation. The fourth-order nonlinear differenti 
equation involved was obtained by using the assum; 
tions of elementary beam theory for a material with 
bilinear stress-strain curve. 

Since the time and labor involved in the use of nu 
merical methods is considerable, however, an approx 
mate theory has been developed whereby the differe: 
tial equation of bending is linearized by replacing th 
nonlinear moment-curvature diagram by straight lines 
Numerical results of this theory are in good agreemet 
with those obtained by the numerical integration pr 
cedure and with experiment. They have the advantag 
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ressible in a form applicable to beams of 


being 
ther than rectangular cross sections. 
The ximate theory yields adequate results in 
ech less time than does numerical integration of the 
re ¢ equation so long as only one or two plastic 
ions have appeared in the beam. With the develop- 
ae ( plastic regions, however, there is little 


tween the amount of work involved in the 
either method to specific problems, ex 


cept. possibly, 1n the case of the perfectly plastic beam. 
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APPENDIX A 


Voment-Curvature Relationships 


Phe relationship between bending moment and curva 
ture for the elasto-plastic regions of a beam is given 
by Eq. (8). For some cross-sectional shapes this rela- 
tu nship reduces to the following: 


( =) — El " 


Rectangle 


Ellipse 


APPENDIX B 


Bending of a Perfectiy Plastic Simply Supported Beam 
Under a Central Concentrated Load 
For a perfectly plastic beam the approximate theory 
indicates a plastic region consisting of a point only 
that is, plastic hinges form. Initially a plastic hinge 
ippears at only the center cross section at which the 
moment remains equal to ./, and the beam slope is 


discontinuous. The remainder of the beam is elastic 


nd is governed by Eq. (1Sb) with g equal to zero. The 
general solution of this equation is 
e* (A sin x B cos x) + e~* (Csin x D cos X 
(Bl 
subject to the boundary conditions 
/ | { B2 
dt dx P/2M, } 
ty 0, and 
i ai/dxz? = 0 (B3 
at x | 2)Xm. Substitution of Eq. (B1) into Eqs. 
32) and (B3) yields 
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cos xX, — sin X ck ite T 
P ? V/ \ t COS , 
A 
2(sinh x sin X 
Ba 
P/2M,X) sin x, cos sin = 
B j X X X 
2(sinh x Sil 
B4b 
P 2M, e* —- COS x 
. COS X sin j - @* 
( ; ; 
2(sinh x, sil X, 
BAc 
COS X - Sin xm + e*” — (P/2.11,X) sin 
D _ x” (Bad 
2 (sinh xX, sin X, 


Of interest is the center deflection which is given by 


w s ( P ) Ge x sin -) Bs 
au* p* P* sinh x, sin x, - 
where 
p* $A, | cosh Xm T COS x sinh x 
sin x¥»)] (B6a 
w@* = (2M,\°/k) [(sinh x, sin x 
(sinh x», + sin x, B6b 
For the infinite beam, Eqs. (B+) become 
A=f85 0 j 
os P/2M,X) | B7 
D l 
and Eqs. (B5) and (B6) reduce to 
w/@* = 2(P/P* | 
p* L\\ BS 
a ou k OS 
Eqs. (B7) and (BS) are valid only for 
1 < P/P* < 2.434 B9 


after which other plastic hinges appear in the beam 
For the finite beam the upper limit of validity depends 
on the beam length and is obtained only after lengthy 
computations. 

It should be noted that the discussion of a ‘‘paradox 
connected with other plastic hinges in a perfectly plastic 
beam, given on page 122 of reference 1, is incorrect. It 
can be shown that further beam deflections can be cal 


culated. 


APPENDIX C 


Bending of a Strain-Hardening Simply Supported Beam 
Under a Central Concentrated Load 


In investigating the bending of a finite elastically 
supported beam in which only one plastic region has 
developed in the vicinity of the concentrated load, 
the origin of coordinates is taken at the cross section 
in the right half of the beam common to both the elastic 


and plastic regions. In the elastic region to the right 
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of this section, Eq. (1Sb) is valid, while in the plastic i = eX(A, cos x + B, sin x) + e~* (C, cos x + | 
region to the left, Eq. (18a) holds. The boundary D, sin x) + [1 — (B/E)] seni (\i | C] , 


conditions to be satisfied are those of continuity of ; WA : B. sj uC 
- = €'(A, COs + B,Sin vy) +e “*(C, COs + Ds 
moment, shear, deflection, and slope at the common x x ie, D, sin j 





. . riz; 4 | 11 
section, zero moment and deflection at the support, v) (Cl 
zero slope beneath the load, and the condition that the Substitution of Eqs. (C1) into the first eight bounda; 
moment at the common section is equal to \/,. A fur- conditions then yields 
ther condition is the equality of applied load and the 
shear at the center of the beam. Only one half of the A, = —(cos 6 + D, sin 6)/(e" — cos 6) (C2 
beam is treated because of the symmetry of the problem. — ‘ F 5 ; 

io : whee. i B, = —[sin 6 — D,(cos 6 — e (e° — cos 6) (CH 
rhe general solution of Eqs. (18) for the present . 
problem is given by C. = (e& + D, sin 6)/(e° — cos 6 C2 
A,, C, = +(1/4) (E/E) [1/(e? — cos 6)] {2D,[sinh 6 — sin 6 — (£/E)'”? (sinh 6 + sin 6)] — 
le? + cos6+ sin 6 + (Ee /E)'/2 (é + cos6 — sind) * 2(E/E ‘(e° — cos 6)]! Cd 
B,, D, = (1/4) (E/E)"4 [1/(p? — cos 6)]} 2D, [sinh 6 — sin 6 # 2(£/E)'’4 (cosh 6 — cos 6) + 
(2/E)'/? (sinh 6 + sin 6)] — fe’ + cos 6 + sin 6 + 2(E/E)”4 sin 6 — (£/E)"*(e’ + cos 6 — sin 6)]! C% 6 


a. 
t 
» 
ee 
—_,. 
Cyl 
le 
at 


: eakeeee a. By*. ff 1. - be 
(e"+ cos 6 + sin 6) sinh5 X, sin 5 Xp + E sin 6{ sinh 5 Xp COS 5 Xp» — cosh = x, 


re ae ar a Ee E\3/4 a oe ae : ‘- _ \ 
e+ cos 6 — sin 6) cosh 5 xX, cos 5 Xp + EB (e" — cos 6) | cosh 5 x, sin 5 Xx» + sinh = xX, cos - i>] 


an ae mer 7 ; ; 1 1. a y 1 
(sinh 6 — sin 6) sinh 5 x, sin5 X» + i (cosh 6 — cos 6) | cosh 5 xX, sin 5 Xp — sinh 5 Xp cos 5 xX,} — 


2 Z 2 

By as wai ts | 

E sinn o Sin 0) cosn 5 X, COS 5 X 

C2f 
Eqs. (C1) and (C2) completely define the solution of the problem in terms of the parameter x,. The load | 
corresponding to a given value of x, is determined by the value of the first derivative of 7 at ¥ = —(1/2)x,, using Eq lisp 
(Cla) and the computed values of A,, B,, C,, and D,. ina 
The solution can be reduced somewhat for the infinite beam for which 6 ~ «. Then Wit 
A, = B, = 0 C3a ” 
Pred 
c = l C3b 1 ( 
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CX 
SUMMARY change in rocket flight path angle—and ‘““speed-change 
In the past, finned rocket design techniques were usually based errors: i.e., errors that manifest change in rocket 
nan attempt to restrict the flight-path angular deviation during velocity or flight-path distance at a given time of flight 
C2d) | urning by obtaining maximum possible longitudinal stability This paper is limited to discussion of the former error 
crease the effect of internal rocket disturbances. In recent group only. Angular deviation is accrued during 
with the increased interest in rocketry and guided missiles : : : : 
flight in both the motor-burning, or thrust, phase and 


(C2 ign, more sophisticated design techniques have been devel : ‘ , 
~€ ; : . > Th ‘ , ( ( - olide > ; 
|. These permit appreciable reduction in dispersion by in the period after motor burnout, or glide phase For 


nsidering the conflicting stability requirements from internal most rocket systems the deviation at the target direc tly 


Xx nd external disturbances. Not only is optimum compromisé traceable to angular-type errors is due almost entirely 
' mpted, but the component errors are attacked individually to the angular error accrued during the thrust phase 
| . ‘ ‘ s ] 
- by fundamental spin programming (other than simple monotonic cane : 
35 Xp i tor adiiisation of tochuligess suillan 00 these mand his angular error accumulated up to burnout is re 
“ grams ind D ition oO 2c es $ a Oo Ost se 
uch fields as feedback theory and noise analysis. It is shown ferred to as latent angular dispersion because its signifi 
5 that the use of such combined techniques effectively reduces cance lies in its effect on flight path deviation after 
ket flight-path angular dispersion motor burnout. It is helpful to consider the thrust 
OS i phase as comparable to the barrel phase of gun-fired 
ee INTRODUCTION projectiles because each bears the same relation to the 
7 ONCE PROPOUNDED theorv of obtaining mai remainder of the trajectory. Whereas angular dis 
. - - ‘ 5 ' . . - . . . 
loac mum possible longitudinal stability to restrict the persion lor a shell iS dependent primarily on gun 
ng Eq dispersion of fin-stabilized rockets can be shown to be rigidity and, therefore, usually Sacnggts rocket 
inadequate to meet current accuracy requirements latent angular dispersion is dependent on a variety of 
With the impetus put on rocket and missile design in influences and is usually a substantial factor in the 
C3 j ie last decade, more adroit techniques of dispersion accuracy problem. In attempting to reduce rocket 
vd . . . . . 
reduction have been developed. Techniques range dispersion, the goal is not necessarily the reduction of 
1 d ped. ang ; 
C3b in complexity from the simple error averaging methods latent angular dispersion to a level comparable to that 
of monotonic spin programming to highly intricate of a gun-fired projectile, but rather the reduction ot 
C3c guided missile systems. This paper is concerned with this error to a magnitude commensurate with the other 
g aj 
discussion of methods normally allocated to the less errors in the rocket sy mem. 
C3d costly portion of this complexity spectrum. These rhe dispersion-reduction techniques as discussed 
nethods, however, are applicable to the free-flight boost this paper have primary application to ground-launched 
| phase of some guided missile svstems as well as to free rockets and missiles, although the basic theories also 
| Geist eocketew have some utility in air-launched rocket design. 
Coe \ complete discussion of the problem of free-flight 
' ° . » - . ° : 
i rocket dispersion for all rocket applications would be an DISCUSSION 
extremely ambitious undertaking and would exceed the . 
led thi tet ul ceed the Having once established the latent angular dispersion 
intended scope of this paper. Therefore, attenti wi ee . . . ; 
be dl Pape. Sere, ee M to be of primary interest in this particular application, 
be directed only to certain significar orti he ah oo og . . . . 
; Mi 5 at POFUIONS OF TK it is not difficult to put the kinematics of the burning 
rocket dispersion problem. — a +3 ae . 
In flict é , ' ' , period on a rational analytical basis in order to observe 
n flight, trajectory disturbances c: ye allocated to . . . . 
J ne + Ses We Cee os the buildup of this dispersion. Actually, the founda 
two groups according to their effects. These are . . ‘ 
| tial effects. These — tions of the theory of latent dispersion were established 
ingular errors i.e., error sources ° " st . , om 
irces_ that manifes during World War II by several groups working under 
Pr ed at the Aerodvuamics—II Session. Twentv-Third different auspices including, among others, Follin, 
| Annual Meeting, IAS, New York, January 24-27, 1955 Blitzer, and Davis at California Institute of Tech 
* The basie work from which information for this paper was nology, and Rosser, Newton, and Gross at Allegany 
. upported by the Ordnance Corps, Department of - 4: ° } r a: ~ 
= Sig e Corps, Department of the Ballistic Laboratory for the Office of Scientific Re 
search and Development, National Defense Research 


Committee.!. The body of work described in this 


t Design Specialist 


Acrodynamics Engineer paper takes the basic analysis and extends it as a result 
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Ps = reference area of rocket (ft. satis 
TOTAL DISPERSION € = reference length of rocket (ft scieeile 
VECTOR SUM. - 
: _ ‘ Kel 
In many cases, yaw oscillation distance ; 
P ; hi 
enough during burning so that a single \ ; 
OPTIMUM . rs . Pr hay relati 
2 STABILITY DISPERSION DUE TO taken as being representative of rocket stabjlip ‘ 
oo . ° a “ — nersiO 
a z LEVEL THRUST MAL ALIGNMENT to this degree it differs from the behavior of the eo ; 
a ; ; nsid 
at < tinuously varying natural frequency and is consequen; i 
a Z — e de 
ns DISPERSION DUE TO extremely useful. 
oz SURFACE WIND ERROR . . : ; : ‘ ‘ uncts 
Solution of the equations of motion under the varie \ 
hase 
ae of disturbed conditions which produce latent angyly | .. ., 
| dispersion is found to result in a series of closed-for; ti 
INCREASING ———> transfer functions, the values of which depend on ¢ 
number of wave-length units traversed while on ¢] 
YAW OSCILLATION DISTANCE launcher and in free-flight to burnout. The functio; 
Fic. 1. Latent angular dispersion variation with stability (de ; _ . 
flection component). relate each type and amount of input disturbance to 
corresponding amount of output dispersion 
' 
3 ats 6 a ; : ; In considering ground-launched rockets, attentio; 
of obtaining additional empirical dispersion data in re- . ; ; | 
: : , ; : ie can be focused on two categories of these disturbances 
cent years from detailed examination of the deviating ; ; : 
ae . 5 : el . each of which has one dominating component. Thes 
motion of rockets during burning. The notation used : ie : 
: : ; two basic groups are (1) “internal errors,” whose most 
has, in general, followed that of Rosser et al. 
é 3 ; : : representative and probably most important com 
As shown in reference 1, the motion of a rocket during ; os 
ae ; : eae é‘ ponent for current rocket designs 1s generally thrust 
burning is unique in that it is usually characterized by : ct # 
5; ihe ri malalignment, and (2) ‘external errors,” which ar 
approximately constant acceleration (over the region Cree ; : 
is : : i , ; dominatingly influenced by wind. Although win 
of interest), resulting in a linear increase in velocity : aig: : ni: 
: ; Se iG may be allowed for in prelaunch aiming, a certait 
with time and a consequent quadratic increase of dy- ; Simi 
; : ? ; ; fai a amount due to measuring error and due to wind vari spicrueres 
namic pressure, thus rapidly increasing restoring forces an f ; ‘s writ 
ais : ae ability in time and space always goes uncompensated 
on the rocket. In addition, attitude deviations cause one i Rie ; 
Ses ‘ Without recourse to mathematical analysis it 1s possibl 
the large accelerating force of the rocket to be deflected : : ; ; ts 
; : nese through simple logic to determine characteristic effects 
laterally, producing flight-path deviations the random _ : : 
iiss ; : . : of these error inputs. It is evident from rocket accu 
portion of which results in latent angular dispersion. ; : ; 
os ; : : ; : : racy considerations that these two error sources intr where 
Ihe equations of motion with time as the independent : eee nee ae 
; , é : duce conflicting rocket longitudinal stability require 
variable are seen to be linear but with variable coeffi- : : we 
: i : : ‘ ments. Excessive stability, while decreasing thrust 
cients due to the quadratic buildup of aerodynamic 3 : 
: : ‘pe: malalignment dispersion, causes accelerated rockets | 
forces. In order to solve these equations for the an- 4 ie ' ; : 
: } ; F i Se, to ‘“‘weathercock”’ strongly into the wind and to im 
alytical evaluation of latent dispersion, it is necessary ; ees ae Ae 
; ; Siiey : tiate subsequent deviations from the intended flight 
to rewrite them considering rocket distance traveled : : bee Comb 
: ; : ; direction. Low stability, on the other hand, permits 
as the independent variable, since the dynamic pressure ' See since 
a ee mE oa excessive flight-path deviation due to thrust malalign- 
is directly proportional to this variable. Thus the = : Sat ; latent 
ee, ; 3 ; ment. Therefore, in minimizing flight-path angular 
deviating motion can be evaluated in terms of burning ; : pegs : 
5 dispersion for fixed values of these two types of error 
distance rather than burning time, and the distance i me os : it 
: : a input, a stability compromise is necessary. Fig. | 1s 
traveled by the rocket during one period of oscillation EE é ME, Since 
: ; é a presented to illustrate the type of optimizing necessary 
becomes the useful measure of stability rather than the Ser he: ah fashio 
i alah age , : This figure shows the effect on latent angular dispersion 
rocket natural frequency. This stability index, itself ; : : : fons oe for m 
; ; Cie - eel: ; of a change in rocket longitudinal stability as depicted 
a distance, is utilized as the normalizing parameter for ; i k ae j er 
: ; é 5 ee ‘ by change in rocket yaw oscillation distance for a hypo- 
the distance history of the motion. This index is ae i i i? 
: ie ; i : as x thetical rocket design and for typical values of wind 
sometimes called ‘‘yaw oscillation distance,” or ‘“‘wave : : wy 
* ; , error and thrust malalignment. However, even witi 
length,” and is written as ; pee ; ; ; 
proper compromise, the optimized dispersion level 
’ | I may be undesirably large. The remainder of this he \ 
a oa . ° e . - ee + . 
ee \ (dCy da) (p/2) Sé paper will be concerned with discussion of the possibl Larner 
( uv dQ p <=) oC . e ° . . “am 
reduction of this optimum by attacking each com- | 
‘ — ; j 
where ponent individually. 
a = yaw oscillation distance (ft.) The two basic approaches to this problem are 
b PI I 
4 = rocket instantaneous velocity (ft. sec.) reduce rocket sensitivity to error inputs, and (2) fe Phis | 
f = rocket natural frequency (cycles ‘sec.) duce magnitude of error inputs. In the first approact t 
I = rocket moment of inertia in pitch a practical consideration is to attempt to remove ome eilect 
(slug-ft.*) of the two conflicting stability requirements by some f “rect 
- > ° ° \ one ‘ m . ' . 
dCy/da = slope of pitching moment curve (per rad.) auxiliary technique, thereby permitting the reductiom ing tl 
incre; 


p = air density (slugs /ft.*) of angular dispersion by raising or lowering the rocket 





ability level in accord with the minimum dispersion 
-equirements of the remaining error source. 


Before considering dispersion-reduction techniques 





es slow! , . ' 
— > this tvpe, it is desirable to examine the functional 
may | -lationship of the several factors affecting rocket dis- 
Stabihin _ : . 
a sersion due to the internal and external type of errors 
‘ nsidered here Certain simple approximations can 
quent] 1 ° ° 3 
juen developed from each of the closed-form transfer 
unctions previously discussed, assuming long thrust- 
€ vaniet) hase distance compared to rocket wave length which 
angular is approximately true for many rocket systems 
sed-fon rhrust malalignment dispersion is thus found to be 
1 on th 
, oL.B 
on th A» & rad. 
unctions NP Dar a pb-v ] 
hce to j . . 
where L thrust malalignment distance defined as 
the perpendicular distance from the 
ttention | rocket center of gravity to the thrust 
; 
rbances vector (ft. 
Thess k radius of gyration in pitch (ft. 
se most launcher guidance length defined as the 
t com distance during which the rocket is me- 
| thrust chanically constrained by the launcher 
ich ar 38 = dispersion reduction factor resulting from 
1 win use of auxiliary techniques 
certai 
d vari Similarly, dispersion due to error in wind assessment 
nsate is written as 
vossibl |” 
a u 
effects iy = : (rad. 
V 2G |p + (e/a 
t accu 
5 intr where |” wind error due to measuring error and 
equire- | variability in time and space 
thrust | (ft. sec. 
ockets G rocket longitudinal acceleration 
to im- | ft. /sec.? 
flight : } : ? Sa 
ies Combining these dispersion contributions statistically, 
lalion since these are random inputs, yields an estimate of 
allgi- . . : 
latent angular dispersion, 
ngular 
error 6= V0" + Oy? 
Los 
— Since each of the contributions varies in a different 
— fashion with wave length, the optimum wave length 
victed for minimum dispersion can be derived. For the case 
hypo. fo Very short launcher length, there results 
- ' 
ind ’ 2/3 
win r lo b | af 3 
with | Fopt [ . 
level H N GLB 
this rhe value of minimum dispersion at o,,, can be ob- 
sible — tained as 
com- | 
| V3 (4r)*LBV »? 
. 7 = 
; min 129 
| ‘ Gk 
re | This equation presents several parameter relationships 
h +] ms see . 
gach that merit further comment. Obviously, the most 
=, ooo dispersion reduction can be obtained from 
> - a a ee , ; ; 
ome | lirect reduction of the wind measuring error. Lessen- 
tion f ing the magnitude of L or 8 has effectiveness equal to 


ket fF creasing rocket longitudinal acceleration or the square 
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TOTAL DISPERSION — r— DISPERSION DUE TO 





















FROM FIGURE! \| gy __ | SURFACE WIND ERROR 
, 
v 
? 
of -— TOTAL DISPERSION 
2 ? VECTOR SUM 
oe =©* opTimumM—— 
H = STABILITY LEVEL 
=< 
& © lopension out 10 
® G|DISPERSION DU 
G Z| THRUST MALALIGNMENT ) css 
B=0.15 1 
Se 
INCREASING ———> 
YAW OSCILLATION DISTANCE 
, with stability (de 


Fre. 2. Latent angular dispersion variati 





Unfortunately, the latter 


1ic 


of the radius of gyration 
two factors are limited by practical considerations « 
tated by pay load and motor design. Thus, for re 
duction of latent angular dispersion of rocket designs 
commensurate with the assumptions on launcher 
length and burning distance, the parameters most 
amenable to exploitation are error input magnitudes, 
Land Vy, and the internal error reduction factor, 3 

Before considering methods of reducing these three 
factors, it is of interest to show the double effect on 
minimizing dispersion of reductions in magnitudes oi 
L and 6—+.e., 
the indirect, or feedback, effect on external error 


the direct effect on internal error and 


Fig. 2 presents the latent angular dispersion for the 
hypothetical rocket of Fig. 1 with the same typical 
wind error inputs but with reduction of SO per cent in 
the thrust malalignment error through the reduction 
of L or B. 

As demonstrated in this figure, an 85 per cent reduc 
tion in the internal error factor indicates a new optimum 
wave length four times larger than the previous opti 
mum. 
less sensitive to the given wind error and subsequently 


This reduced stability in turn produces a rocket 
lowers Onin, to about 60 per cent of the former value 


Reduction of Internal Error Effects 


Magnitudes of internal malalignment errors are de 
pendent to some extent on rocket manufacturing tech 
niques. Since thrust malalignment is composed ot 
nozzle mechanical malalignment, lateral offset of rocket 
center of gravity, and motor gas malalignment, some 
reduction in malalignment error, L, could probably be 
obtained by improved manufacturing methods. The 
extent of this reduction is, of course, dependent par 
tially upon the magnitude and behavior of the gas 
malalignment component. Because reduction of man 
ufacturing malalignments is a mechanical rather than 
an aerodynamic design problem, no further attention 
will be given this feature here. However, in the 
actual rocket design problem this region for improve 
ment should not be disregarded. 

The internal type of error as typified by thrust mal 
alignment is more amenable to suppression by simpli 
fied auxiliary devices than is the wind error. In par- 
ticular, spinning of the rocket about its longitudinal 
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axis is an established technique of dispersion reduction. 
Gyroscopic stabilization by extremely high roll rates 
has been standard practice for many years for shells 
and finless rockets. Reduction of dispersion by an 
averaging technique through slow spin which causes 
malalignment error input to be scattered in all merid- 
ional directions, yielding less resultant angular devi- 
ation, is a simple but effective device. The simplest 
spin techniques, and therefore the first to yield to anal- 
ysis, are the monotonic programs of constant spin 
acceleration and constant spin velocity. Fig. 3 shows 
the relation between the important parameters for the 
case of constant spin acceleration for the hypothetical 
rocket design and typical error values of Fig. 1. Fig. 5 
indicates that the dispersion reduction factor, 8, which 
in this case is the ratio of dispersion for the spun rocket 
to dispersion for the nonspun rocket and which includes 
the effect of launcher length, is dependent on rocket 
spin rates and launcher guidance length. To obtain 
error reductions on the order of 90 per cent or more, 
long launchers or high spin rates are necessary. 
These high spin rates are especially uneconomic, due 
to the transient nature of the growth of the dispersion. 
As typified by the curves of Fig. 4, practically all of 
the thrust malalignment dispersion is established in a 
This 


results from the steadily increasing velocity, producing 


fraction of the first wave length of rocket travel. 


rapidly increasing dynamic pressure and thus increas- 
ing ability to restrain the pitching motion produced 
by the malalignment. The short time of dispersion 
growth in the nonspun rocket indicates that any spin 
action for purposes of dispersion reduction must occur 
during or immediately after launch. A particular case 
of constant spin acceleration is also illustrated in Fig. 
!, further demonstrating the short action time of spin 
effectiveness. Except for reducing certain dispersion 
inputs of secondary importance, the spin which con- 
tinues to increase or is maintained after this initial 
wave-length What 
actually occurs in the interaction of simple spin and 


fraction is essentially wasted. 
dispersion is demonstrated in a schematic fashion in 
Fig. 5. A rocket cross section is shown with vector 
representation of thrust malalignment error input and 
The spin is seen first to scatter 
The resultant 


flight path error output. 
the input over a variety of directions. 
output is building rapidly at first and then slowly and 
is not permitted to accrue in one direction, thus being 
made smaller. Its direction is the weighted average 
of all increments of output in a variety of directions. 
Consequently, the output has advanced in phase angle, 
about 45° in many cases. When the input first leads 
output by half a revolution, a decrease in output 
actually occurs, but the input is carried rapidly away 
from this position. After this first opposition, any 
further coincidence or opposition is insignificant due to 
the rise in rocket stability “‘stiffness’’ brought on by 
increasing velocity. The steady-state dispersion has 
been reached. 

Theoretical analysis of the equations of motion, as 
typified by the characteristics in Figs. 4 and 5, leads to 
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the intuitive realization that there may be fundamen 


techniques other than simple spin which prod 


substantial improvements in dispersion — reductio; 


In particular, from the nature of the dispersion grow; 


curve of the nonspun rocket in Fig. 4, it 


reasonahl 


to postulate that if an instantaneous ISO” rotation 
the rocket were inserted into the motion at som 
proper time during the short growth period of the dj 
persion, the remaining time would be spent in tendin: 
to cancel the flight path error produced before rotatio; 
The result is shown in Fig. 6 in comparison with 


wholly nonspun case and a simple spin solution.  T} 
dispersion history of the rocket, obtained solely fro 
mathematical considerations, is then merely a set 
two nonrotating cases connected by an instant of rol 
that T 


cancellation may be effected. Sy 
instantaneous rotation cannot be obtained physical] 


motion SO 


but does offer a model of the cancellation phe nomenor 


and its characteristics. As seen from the figure, th 
dispersion apparently may be reduced to zero without 
resorting to spin which is not utilized later in flight 


Achieving a complete cancellation of thrust malalig: 
ment dispersion, even for the physically impossible cas 
of instantaneous rotation of mw radians, is dependent 
upon rotating at exactly the correct flight distan 
after launch. This timing effect is demonstrated 
Fig. 7 which shows the amount of dispersion redu 
tion obtained by this technique as a function of d 
Che 


nature of the timing of this event is apparent from this 


tance traveled up to time of rotation. criti 
figure. 

While instantaneous roll is not physically practical 
the substitution of realistic motion would still tend t 
approximate the phenomenon. The dispersion reduc 
tion obtainable with a practical roll program based o1 
dispersion cancellation philosophy can be determine 
by further study. Additional study is probably war 
ranted since effective dispersion reduction may | 
attainable by this technique without the penalties 
imposed by long launcher guidance lengths and hig! 
roll rates required in continuous spin programs. 

As was indicated previously, the importance 
value of spin programming in increasing rocket accuracy 
is not only in the reduction of one dispersion component 

i.e., thrust malalignment—but also in the subsequent 
significant feedback in minimizing windage dispersio! 


It must be noted that this analysis of the effect oi 
spin on dispersion is predicated on the assumption that 
internal error malalignments remain fixed in missil 
This assumption is evidently reasonable 
previ: 


coordinates. 
for the structural 
ously; however, it is not quite so evident that motor 
gas this fashion. The 


motor-gas malalignment effect on rocket disperstot 


malalignments mentioned 


malalignment behaves in 
could be further investigated by considering gas mab 
alignment as a random input to the rocket system 
This would necessitate having a statistical evaluation 
of the behavior of motor-gas malalignment 
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Reduction of External Error Effects 


With the reduction of internal error requirements 
on stability by proper spin programming, rocket sta 
bility can be reduced to a minimum level dictated only 
by glide phase stability requirements. The effect of 
this reduced stability on dispersion due to wind for 
our hypothetical rocket is evident in Fig. 2. 

When a reasonable limit is reached on attempts to 
insulate the rocket from the effect of wind errors, it is 
expedient for the rocket designer to turn his attention 
to reduction of the wind error by increasing the accu- 
racy of wind measurement. 

Accuracy of wind assessment for prelaunch aiming 
is dependent upon two criteria. First, it is desired 
that measurement be made of the same moving air 
mass that the rocket will sense in flight, since time and 
space variations in the mean wind velocity may easily 
introduce appreciable error. (However, exact and 
complete surveys over such an air mass are almost 
invariably tactically impractical.) Second, the meas- 
uring instrument or instruments, in addition to being 
accurate, should approximate the dynamic response 
characteristics of the rocket to the wind as a randomly 
fluctuating quantity. Attempts to measure the air 
mass are aided by the fact that, as in the case of the 
internal error effect, the major portion of rocket dis- 
persion is accrued within the first wave length of flight. 
Fig. S shows the importance of wind measurement along 
the rocket thrust-phase trajectory path. From this 
figure it can be seen that about 75 per cent of the wind 
effect is accrued within the first wave length of travel 
of the hypothetical rocket, an effect typical of many 
cases. Therefore, accuracy of wind measurement 
can be degraded as distance from launcher increases, 
the limiting case being a single measurement near the 
end of launch. However, even in this case sufficient 
rocket accuracy may be obtainable if accurate wind 
measuring equipment is used and if the time variation 
error of the mean wind velocity is negligible. 

Since rocket accuracy is dependent on assessment of 
the same air mass the rocket senses in flight, time vari- 
ations can be fully as important as space variations. 
Measuring error due to this time variation could be 
reduced through use of an accurate prediction theory; 
however, at present, no such theory is available. Re- 
duction in that wind error due to time variation is re- 
lated to the combined wind measurement and rocket- 
launching procedure. Reducing the time delay be- 
tween these two events to zero will also reduce to zero 
the wind-time variation error. Time variation errors 
can be effectively reduced either by slaving the launcher 
to the wind measuring equipment or by launching upon 
recurrence of a previously measured wind. 


Rocket Admittance Theory 


In order to determine wind-frequency response char- 
acteristics of accelerated free-flight rockets, an analytic 
theory of missile admittance has been developed in 
which wind is considered as a random input to the 


rocket aerodynamic system. The mathematical teg 
nique involved with this evaluation, although ee 
tainly not new in concept, is of interest becaus, 
demonstrates a new application of the establish 
theory of generalized harmonic analysis. This rathe, 
lengthy development is presented in detail in refe 
ence 2. 

Since the measure of rocket stability is a distan 
wind eddies relative to rocket yaw wave length 
significant rather than time fluctuations of win 
The wind-frequency response characteristics of rocket 
with high longitudinal acceleration, as developed | 
this theory, indicate that even wind eddies of way 
length size are relatively unimportant and that tl 
long-steady trends in wind determine rocket flight-pat! 
deviations. Fig. 9 presents the frequency respons 
characteristics of a typical rocket design. The ordinat 
scale is plotted as an admittance ratio -1.e., rocket 
response for a randomly fluctuating wind normalize 
by rocket response to a constant wind. The independ 
ent variable is the ratio of the rocket wave lengt! 
to the wind wave length. 

The degree of natural damping due to the acceleratio 
of the rocket is apparent in this figure, since importance 
of wind effect decreases continuously as wind fre 
quency increases—i.e., there are no resonance peaks 
This high level of system damping is relatively inde 


pendent of rocket aerodynamic damping. Other effects 


on frequency response investigated were those oi 


launcher length and burning distance relative to rocket 
yaw wave length. For the typical rocket designs 
investigated, launcher length effect was determined 


to be relatively unimportant and burning distance 
effect is unimportant beyond approximately one wave 
length. 

The results of studies of this type are vital in the 
proper design of wind-sensing instruments for rocket 
systems since instrument response should be made t 


match rocket admittance in order that the mean wind 


velocity reported by the instrument be exactly the 
same as that which is effective in perturbing the rocket 


f, in addition, information concerning the statistical 


characteristics of the randomly fluctuating wind—« 
the wind-power spectrum which forces the system via 
the admittance—-were available, further extension 0! 
the analysis would be feasible. For example, it might 
be possible to simplify a large portion of the response- 
matching problem by neglecting those bandwidths i 
which little surface wind activity occurs. It woul 
also be possible to combine power spectral densit) 
and admittance and thus obtain a value for the appat 
ent noise level of the rocket wind system. Such results 
would be, in essence, an evaluation of the maximun 
latent angular accuracy obtainable for a rocket in the 
presence of its environment in those environmental 
conditions for which data could be secured. 

However, much work needs to be done to obtatl 
sufficient basic information concerning wind-power 
spectra and the effects of terrain and atmospheric col 
ditions on power spectra before adequate wind analys's 
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this type | be made. Most of the information 
vailable at present is based on turbulence measure 
merits in the upper air; these data are pertinent to air- 


launched rockets but not necessarily to ground-fired 


eockets, since in general, small-scale terrain effects 


1 cround thermal eifects strongly influence the na 
ture of the phenomenon. 
Despite the lack of specific power spectral informa 

i 


ion to perform these refinements, the establishment 
i the admittance characteristics produces a valuable 
ool in the problem of effective reduction of external 
error dispersion. For this purpose, the rocket admit 
e function provides all the information necessary 


If the instrumentation 


tan 


to] 
} 


perform response matching. 
in be matched to the rocket overall eddy sizes, lack of 
precise knowledge of the statistical nature of the ran- 
domly fluctuating wind does not degrade dispersion 
reduction effectiveness. The lowest value of uncom- 
pensated wind present will have been obtained for 
given system mean wind time and space variations; it 
will remain, however, to evaluate that quantity from 
statistics rather than from analytical 


ictual firing 


considerations. 


CONCLUSION 


By combining specialized dispersion-reduction tech- 
niques (minimizing separately the effects of rocket 
internal errors and environmental assessment errors) 
with techniques of optimizing rocket stability on the 
basis of conflicting stability requirements, effective re- 
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duction can be obtained in rocket flight-path angle dis 
persion during the thrust phase. 

Dispersion due to internal errors, primarily thrust 
malalignment, can probably be reduced to a negligible 
amount by proper spin programming. Mathematical 
analysis of the interaction between spin and thrust mal 
alignment dispersion indicates that fundamental spin 
programs exist, based on the philosophy of dispersion 
cancellation and resulting in substantial dispersion 
reduction the 
launcher guidance lengths and high roll rates require 


without penalties imposed by long 


] 


in continuous spin programs. 


Dispersion due to external errors, as manifest by 


can be reduced not only by decreasing 


wind error, 
longitudinal stability but also by improving design 
in wind measuring equipment with particular regard 
to matching rocket and instrument dynamic response 
characteristics. The matching can be accomplished 
by the 
rocket motion analysis. 


spectral density were available for typical rocket 


utilizing admittance function derived from 


If, in addition, wind-power 


launching environments, further insight into the prob- 


lem might be gained. 
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The Design and Testing of Supersonic Flutter Models 


( Continued fr 


lem of obtaining low model mass ratios (u) is some- 
what alleviated. Some variation in u is possible for a 
given model by varying the stagnation pressure (Fig. 


19 
1). 


CONCLUSIONS 


Model theory shows that, because of physical limita- 
tions, the frequencies of flutter models where Mach 
Number is simulated are an order of magnitude higher 
than those of models where the velocity is scaled so that 
flutter occurs within the range of a low-speed wind 
flutter new tech- 
niques of model design, vibration testing, and static 
testing must be developed to account for the very high 


tunnel For high-speed models, 


Irequencies 

In most flutter tests it is more feasible to vary the flow 
parameters rather than the model parameters to obtain 
the neutrally stable flutter conditions. For supersonic 
flutter testing in the wind tunnel, significant changes in 
the flow 
variable geometry nozzle. 


parameters can only be achieved with a 
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A First-Order Formulation of the Unsteady 
Supersonic Flow Problem for Finite Wings 


JOHN W. MILES’ 


University of California, Los Angeles 


SUMMARY 

The determination of the pressure distribution over a thin, 
finite wing in supersonic flow due to a prescribed incidence that 
varies slowly in time (so that the square of the reduced frequency 
may be regarded as negligible) is reduced to a pair of steady 
flow problems. The first of these is the steady flow problem for 
the given plan form with modified incidence. The second cor- 
responds to a modified steady flow problem in which the wake 
is neglected and the potential is required to vanish along subsonic 
trailing edges. In the absence of subsonic trailing edges the 
solution to the second problem follows directly from the solution 
to the first problem, and the results then reduce to those pre- 


viously known 


(1) INTRODUCTION 


. HAS BEEN KNOWN for some time (see references | 
to 3, the last being restricted to two-dimensional 
flow) that the problem of determining the pressure dis- 
tribution over a thin wing executing a low frequency 
motion of small amplitude in supersonic flight may be 
transformed to a corresponding problem in steady 
flow, provided that the trailing edge is nowhere sub- 
sonic. It is the purpose of the present paper to elimi- 
nate the trailing-edge restriction by an appropriate ex- 
tension of the transformation. This extension was 
suggested to the writer by a result surmised by Evvard! 
for a particular class of plan forms and proved (by 
Harmon’) for the special case of a linear variation (in 


time) of angle of attack. 


(2) STATEMENT OF PROBLEM 


Consider a thin wing that is approximately coinci- 
dent with the plane z = 0 in a flow of supersonic ve- 
locity U directed along the positive v axis. The aero- 
dynamic incidence a (la being defined as the normal 
velocity, positive down, at the surface) over the wing is 
assumed to exhibit a harmonic time dependence of 
angular frequency w and complex amplitude @—viz., 


a(x, y, t) = Rij a(x, ye; (2.1) 


Given @, it is required to determine 7, the complex 
amplitude of the pressure jump across the wing, which 
may be defined in dimensionless form such that 
D(x, ¥,0 —, t) — ple, ¥,9 +, = 

(1/2) poU?RI} F(x, ve} = (2.2) 


The top and bottom of the lifting surface S, formed by 
the projection of the wing plan form on the plane z = 0, 
are denoted here by z = 0+ and z = O-, respectively. 
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The assumption of a harmonic time dependence mag 
be regarded as sufficiently general, within the frany 
work of linearized theory, by virtue of Fourier’ 
theorem. The treatment of motions varying 
slowly that second derivatives of the aerodynamic forces 
with respect to time may be neglected—e.g., the dj 
namic stability problem—is particularly simple in tha 
it suffices to determine the corresponding results for 
harmonic motion by retaining only terms of first order 
in frequency. It is this approximation, herein desig 
nated as first order, that will be posed in Section 4 below 
but the problem first will be formulated in Section 
for arbitrary values of the frequency. 


(3) FORMULATION OF BOUNDARY VALUE PROBLEM 


The boundary value problem relating 7 to & will b 
formulated in terms of dimensionless variables based o1 
some characteristic length / (usually chosen as th 
maximum wing chord but arbitrary in the present 
analysis) and the free-stream velocity UL’, so that 
y, are dimensionless with respect to /, and the angular 
frequency w is referred to the l’ / through the reduce 
frequency parameter 

k = w&(l/U) 3.1 
If, in this dimensionless system, the complex velocit 
potential ¢ is defined such that the perturbation velocity 
q is given by 


q(x, y, 2, ) = URI \ VdG(x, y, t) ee} (3.2 


it follows from the equations of motion that the con 


plex pressure amplitude is given by 


V(x, vy) = 4[G,(x, vy, OF) + ck d(x, ¥, OF)] (38 


The differential equation satisfied by 4 may be de- 


duced from the fact that the velocity potential must 


satisfy the wave equation with respect to a fixed 


reference frame—i.e., one with respect to which the 
free-stream flow is at rest. The reference frame t 


which x is referred is moving with the wing, however 


and it is expedient to introduce a modified potential 


® through the well-known transformation 
od = 2 ran Pp (.).7 


. - h 
where «x is related to the reduced frequency & and the 


free-stream Mach number .\/ according to 


x = kM?/B?, B? = M* — 1 3.9 


The differential equation satisfied by ® then is found 





that 


uinuc 


lines 





®, — (1k, B*)b = 0, v,y) in W (3.9b 





oe 


r,y) in R 3.9¢ 


e 


The regions S, IV’, and R are depicted in Fig. 1. 
To complete the mathematical formulation of the 


qe 


problem it is necessary to pose the znitia/ conditions 








eo 0, vr S Dol, & 5.10a 
}, = ©, = @ 0, ve < Kol 9, 2 3.10b 
Y i 
sais X where x x» (y, 2) is the equation of the envelope of 
> Ma : . 
W those downstream Mach waves that emanate from 
C Irame : . , , 
ourier’s Fic. 1. A typical wing, showing the regions S, W, and R the leading edge of the wing. It follows as a particular 
> he leading edge between a ind a’ and the Mach waves tan consequence of Eq. (3.10a) that the boundarv condi 
ying sg vent to the edge at a and a’ form the upstream boundary of the : ‘ 
ic for of influence of the wing tion (3.9¢c) need be applied only on and downstream ot 
TCes ‘ & 
the d the Mach lines that are tangent to the leading edge 
in that ; in the plane of the wing (at the points a and a’ in 
a to De as 
tig. 1). 
ults for 1s :' - ; 
st ord Bd ? ®.. + (Rk\/B)*d = 1 (9.0 rhe linearized unsteady flow problem for a supet 
yrder ? - . - , 
» deste : , ; . is sonic wing now has been described by the differential 
Gesig The motivation of the transformation Eq. (5.4) 1s, : Pe tei mi Ty ate 
{ bel ead ; ; 4 Eq. (3.6), the boundary conditions (3.9), and the initial 
c10W in the present context, the elimination of the term olf af ss ; 
ction 5 agi conditions (3.10). In the following section these 
HON rder k that would appear in the equation satisfied by ; 
; eis equations will be solved on the assumption that terms 
5 in a coordinate system moving with the wing. The : aes 
' : of order (k.\//B)* may be neglected, so that Eq. (3.6 
same end result also could have been achieved by , 
BLEM ae : reduces to 
rs introducing a Lorentz transformation 1n passing to this 
will by coordinate system from the fixed reference frame.‘ Bb ae d 0) 21] 
ised 01 While the latter approach offers many aesthetic ad 
ed oO! > : ; ; 
¥ ; . : Se ree It should be remarked that this approximation im 
as the vantages,* especially in the symmetric form achieved iss ae 
| — i plicitly assumes the validity of a perturbation solution 
oresent by the simultaneous incorporation of the Prandtl ee 
a ‘ y : Som . > a . ol Eq. (3.6) based on an expansion in even powers ol 
that Glauert scale transformation (cf. reference 6), the oe 
(k\J/B). It may be verified that such an expansion 


transformation of Eq. (3.4) is simpler and more direct 


ngular ' Se ae , : 
gula is possible in virtue of the hyperbolic character of Eq 


educed for the problem at hand. 
en Pare oP ” oR 2% (3.6) and the consequently finite extent of the domain 
The substitution of Eq. (3.4) in Eq. (3.3) relates q ‘ laa ; 
=t “le of dependence of any point in the flow field. In sub 
to ® according to ‘ , : : 
(3.1) | sonic flow (B? < 1), on the other hand, Eq. (3.6) would 
. £ Mx y le ’,(x, vy, O+) — (ik/B*) P(x, vy, OF) | be elliptic (in essence, the Helmholtz equation), and it 
locity “= ra — 
loc 3.7) would be necessary to replace the initial conditions 
Locity _ ’ “a : . 
: a [Eq. (3.10) ] by the Sommerfeld radiation and finiteness 
It is convenient, moreover, to introduce a modified “a Sia age é 
conditions at infinity. Unfortunately, the approxima 
incidence A according to : = oa ic ; : 
3.2 tion of Eq. (3.11), which then would appear essentially as 
a(x, y) =e “™ A(x, y) (3.8) Laplace’s equation, would not be uniformly valid (for 
com . ° . ° ° ° 
a , fixed k) with respect to distance from the wing, and it 
rhe boundary conditions to be imposed on ® follow ; ‘ ' a 
would be impossible for any solution thereof to satisfy 
irom the considerations that: (a) the flow must be sige Re ee 
22 ‘ e the radiation condition at infinity. 
tangent to both the upper and lower wing surfaces, so 
that ¢ a over S; (b) the pressure must be con- , ; : 
eae | . ’ ; (4) REDUCTION TO STUDY FLOW PROBLEM 
must | Unuous across the wake IV’, delineated on the plane 
- | nae ° . 
fixed | 0 by the trailing edge of the wing and the stream Let &!A! denote symbolically the solution to the 
i a : : ; a > ee ans ; ’ Mi i 
ithe | ‘mes drawn downstream from the wing tips (b and b reduced problem obtained by setting k 0 wherever 
ie t in Fig. 1); and (c) the potential must be continuous it occurs explicitly in Eqs. (3.6) and (3.9 Viz., 
ever across the remainder of the plane z = 0 (R in Fig. 1). 
nitial rhe imposition of (a) at both the upper (s = 0+) ra” - ty =e = U 4] 
and lower (¢ = O-— ides of S i ies ‘ ; . . 
( z sides of S implies that both ¢ ®. —— < y) in S 1a 
id ¥ must be antisymmetric with respect to z = 0, 
a4 ' saad 5 -_ es ( _ (y ’ : r ( ») 
(3.4) | Whence (b) and (c) can be satisfied only by requiring ~ ey vy, y) in I t.2b 
the perturbatio1 Ss a ontik ranis 1 
ii ne I ; on pressure and potential to vanish over 6 = 0, vy) in R 1% 
) and R, respectively. It then follows that 
po =, x S Xol¥, 2 Hoja 
- . = —A, (x, 9) m S (3.9a) 
ow i ?, = ®, 0 — ®, 0, xX < XY, 2 { 1 3b 
; “In particular, the parameter («/J/) then appears as the re- 
und cuced frequency in the modified time coordinate. The boundary value problem presented by Eqs. (4.1)- 
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(4.3) is the steady flow problem for the given plan form, 
but it should be specifically remarked that A depends 
implicitly on k through the transformation of Eq. (3.8). 

A knowledge of °° alone would suffice for a first- 
order (in frequency) approximation to ¢ if the plan form 
in question had no subsonic trailing edges, for then 
the boundary conditions of Eqs. (3.9b) and (4.2b) 
could have no influence on ® at any point on the wing. 
The resulting expression for ® would contain no terms 
of first order in k, and it would follow that 6 = ®&‘” + 
O(R?M/?, B®). 
on the other hand, requires that © be supplemented 
by a term of 0(k B®) in order to satisfy Eq. (3.9b). 

Let &" 
modified steady flow problem in which the potential 


The presence of subsonic trailing edges, 


| A} denote symbolically the solution to a 


is assumed to be continuous across the region II’, so 
that 


B%6,,) — 6, — 6, = 0 (4.4) 
@,) = —A, (x, y) in S (4.5a) 
p) = 0), (vx, y)inW+R (4.5b) 
®) = 9, < < Xoly, 2 (4.6a) 
@,0 = 6, = 6) =O, 6 << Xo; ®) 
(4.6b) 


Chen it may be shown to be direct substitution that a 
first-order approximation to Eqs. (3.6), (3.9), and (3.10) 


is given by 


© = ph + (7p B) | [po — PY] dx + 
O(R?.M4*/B*) (4.7) 
It remains to calculate the dimensionless, complex 
pressure amplitude 7. Substituting ® from Eq. (4.7) 


in Eq. (3.7), neglecting terms of second order in k 


therein, and noting, from Eq. (3.8), that 


POLAT = Pi} ey! (4.8a) 
= P") [1 + (ckAl2/B?)x Jat + 
O( R211 4x?/B*) (4.Sb) 
and similarly for 6”, it is found that 
y\ay = 4[1 — (kA2/B*)x] 6,0 
itl + (kA?/B*)xJa — 
4(ik/B?)blat + O(k2M2/B) (4.9) 


The error term in this last result is based on the assump- 
tion x = O(1), as will be the case for points on the wing. 

The solution of the steady flow problem presented 
by Eqs. (4.1)-(4.3) for a plan form with a subsonic 
trailing edge usually will lead more directly to ®, 
rather than ®, and it is convenient to introduce the 
quasi-steady solution* 


* The adjective quasi-steady is used here to designate the un- 
steady flow approximation calculated from the prescribed & on 
the hypothesis that the flow at any instant may be regarded as 
steady. This is to be contrasted with the description first order 
in frequency, which implies that al/ terms of first order in the 
frequency in the equations of motion have been included, rather 


than only those present in a@. 
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YO a = 46, ) a 11 
where ®,“”)}&} is determined from Eqs. (4.1)-(4: 
after replacing A by @. Eq. (4.9) then may be rewritte, 
in the form 


It should be emphasized that 7‘ }1&{ denotes the quasi 
steady solution for the modified incidence x@, whereas 
x7") at denotes the product of x and the quasi-stead 
solution for the prescribed incidence @. It also may }y 
remarked that if the plan form has no subsonic trai ing 
edges the auxiliary solution ®'') may be replaced b 


® on the wing and is related to ¥‘”) according to 





Px 
j=l =(O)'=t : Y 1 
IP a} = | 7 ay dx, (x, y) in S (4.12 
ad x 0 


but this result is not valid within the domain of influenc 
of a subsonic trailing edge. 

The prescribed incidence & may depend on the r 
duced frequency k, but, in consistency with the ap 
proximations already invoked, only the leading term 
need be retained in those terms of Eq. (4.11) that 
appear within the square brackets. Consider, for 
example, the pitching oscillation of amplitude ay about 


x = a, for which 
a= ao| | + ik (x — a)] (4.15 


Both terms in this expression would have to be retained 
in the first term in Eq. (4.11), but the approximation 
& = a would suffice for the remaining terms. In 
treating the plunging oscillation of amplitude h, for 
which 

& = tkh (4.14 


it generally would not be permissible, on the other hand, 
to neglect the terms of order k in Eq. (4.11) in conse 
Thus, 


in dynamic stability analyses the equations of motion 


quence of the fact that & is homogeneous in . 


would contain no terms in phase with the displacement 
h, and the quantity ikh might represent the angle ol 


incidence in body coordinates. 
(5) EXAMPLE: TRAPEZOIDAL WING 


Consider the trapezoidal wing shown in Fig. 2, con 


sisting of a supersonic leading edge (v = 0, -y) <2), | 
two subsonic trailing edges (+y = 6 + x cot A, 0>* 


x <1, A > 2/2), and a supersonic trailing edge (x = 
l, |v} <b+ cot A). It is convenient to introduce the 


modified sweep parameter 
m= BeotaA (0.4 


which, for the plan form illustrated, is restricted ac 


cording to 


—l<ms<0 


wher 


— 
cnat 


ewritte; 


iB 


t 


le quasi 


whereas 


1-stead 
may be 
f 
iced b 
to 


i/luence 


the re 
he ap 
g term 
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er, for 


about 


tained 
nation 
s. In 


Hh, tor 


(4.14 


hand, 
-ONnSE 

Thus, 
otion 
ment 


rle of 


m wert sitive (but less than one) the subsonic 


trailing edges would be subsonic leading edges, while if 


were less than | they would become supersonic 


trailing edge S It also is assumed that 
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aes ere 


Lvauing 





P_ir=-s Q 





7 > Y,7 


~ L\ =cot-'(M/B) 
ja (I-m)sw-Mb 





Bb a l (Sud 





that no point on the wing is influenced by both 











subsonic edges; but, by superimposing edge effects (+m) 
reference 4), the results may be applied to a wing i. (I-m)s-Mb 
° . ¥ - 
satisiving the less severe restriction = 
itisiving : + 
; s=+Mb | r=+Mb (+m) 
Bb > (1/2) (1 — m) 5.4) 2 \ 2 
X,€ 


Phe characteristic length implied in the foregoing defi- Fic. 2 \ trapezoidal wing in supersonic flow 


nitions is the maximum chord, as shown in Fig. 2. 


The plan form shown in Fig. 2 is divided into three between and forward of these Mach lines do not con 


resions by the inboard Mach lines from the leading tain the subsonic edges, and the quasi-steady solution 


edge corners. The domains of dependence for points is given by the well-known result’ 


. vy) I =(t ] 
] Q(é, nidn \ = 
?p Pp dé a \ D .) 
Te VU 7 5 g)/E R B 
where R denotes the hyperbolic distance 
R + [ (x £) B*(y — n)*] 5.6 


Phe quasi-steady solution at a point lying between the starboard subsonic edge and the Mach line emanating from 


the intersection of this edge with the supersonic leading edge may be calculated by Evvard’s method? and is given 


by (ef. Eq. (SOa) of reference 4, after appropriate changes of notation 


! Me nidn _ 
twIP Ri, 9 


ire 7 
J) ay R~'a; (&, n)d&dn 


Ihe area S), as shown in Fig. 2, is bounded by the upstream Mach lines through the point in question, the reflection 


f the starboard Mach line in the subsonic edge, and the supersonic leading edge; PQ is the are —a straight line for the 


» 


wing of Fig intercepted from the supersonic leading edge by S;.. Evvard’s method also yields the solution to 


Eqs. (4.4 1.4) in the form 
42 “a(t, n)dédn . 
q ) Ay 5 R 


fhe corresponding results for points adjacent to the port subsonic edge follow from symmetry considerations 


fhe first-order approximation now may be completed by substituting Eqs. (5.7) and (5.8) in Eq. (4.11) to obtain 
i ; . > >» = + 
+) a R Q: -t ka - ik\J? B Y bs a; |dédn t 
|  - 0), lr , , 
| — (ik? B | ee UT £0 (kM BY) (5.9 
T JP Riz -0 


rhe expression of the foregoing results in rather more explicit form is expedited by the introduction of the 


characteristic coordinates (in the notation of reference +) 


} (./2B) (x — By Se = (M/2B) (x + By 5.10a 
v (B/M) (te + 5 \ 1/M) (—tre +s 5.10b 
r = (J 2B) (é — Bn), s = (\//2B) (& + Bn 5.10¢ 

g (BM) (r +s), y= (1/M) (-r +s 5.10d 


Che equation 5 Ol the various Mach Waves and the starboard > ubsonic edge in these characteristic cr ordinates are 
s 
given in Fig. Z. and the result Eq. (9.9 ] goes over to 


Cf. Eq. (105) of reference 4, which is the result to which reference was made in the last sentence of Section 1 above 
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1 a ' ikM 
7) at = ito — 7) “ dr (Se — s)~? a: + ka — (on T Sy — 7 a iF ; 
Mm 1 —m)sw— Mb] /(1+m e ? . B ™ pai 


} | (=) f° 1 —m) sw] /(1+m) - ss 
7 (Tw + Sw) (rp + s)—-/2 (5s, — 5) a 5 ee 
Br B — S J... Y (0, 7) ¢ 5 





where the € and 7 arguments of @ in the first integral vanishes along subsonic trailing edges, as well as alo 
are expressed in terms of 7 and s according to Eq. leading edges). 
(5.10d). 
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On Strong Transverse Waves Without 
Shocks in a Circular Cylinder 
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SUMMARY 
A study is made of large-amplitude pressure waves transverse 
the axis OF a circular cylinder for instance, a rocket or jet 
Me ngine. It is shown that strong permanently isentropic—i.e., 
en, Jus shock-free—waves can occur in transverse modes if viscosity is 
eglected. This result is in sharp contrast to that for a plane 
The f mode where acoustic waves are knewn to steepen progressively 
a nto shocks. The form and frequency of these lateral! waves 
a epend on amplituc 
Two effects of viscosity on strong transverse waves are con- 
= idered: dissipation in the wall boundary layer, and the steady 
' second-order motion (‘‘acoustic streaming’’) induced by that 
a uindary layer 
The possible isentropy of strong transverse waves suggests 
Cp per that, if energy is suitably supplied—for example, by coupling 
eto vith burning—extremely violent waves may be more likely in 
, transverse than in longitudinal resonance. A study of boundary 
LE ver dissipation tends to confirm this, especially for short cham- 
ad fg 
1¢cs 
, Jour SYMBOLS 
175-484 
velocity of sound in the absence of the 
y wave 
rfc complementary error function, Eq. (15 
person ; v), Fila functions of @ defined in Eq. (6) and Ap- 
55-72 pendix A 
a Bessel function of the first kind of order 
cylinder length 
integer denoting the mode of oscillation 
see Eq. (6)] 
nondimensional pressure, (P’/P: 
evlinder wall radius 
nondimensional time (wt’ 
nondimensional temperature (7’/ 7‘ 
nondimensional axial, radial, and tangen- 
tial velocities (cylindrical coordinates 
u’ ao, etc 
nondimensional velocity vector (%’/a« 
nondimensional axial coordinate (wx’/ao 
nondimensional radial coordinate (wr’/a 
nondimensional wall radius (wR/ai 
ratio of specific heats 
V iscosity parameter, 20 ¥ Pi 
€ amplitude parameter, Eq. (4 
radial boundary-layer coordinate, 
R. | ay. 
frequency perturbation, Eqs. (6b), (20 





angle in cylindrical coordinates 


nondimensional viscosity, pu’ /u 


Ci oAT 
Aer ' dT =i 

: ; : ‘ 

i nondimensional density, p’/p 

Prandtl Number 
5 ¢ velocity potential such that Ve = u 
titute 
Presented at the Aerodynamics Session, Twenty-Third Annual 
Meeting, IAS, New York, January 24-27, 1955 


* Aeronautical Research Scientist. 


frequency 


WwW 
w) = first-order frequency 
Subscripts 
0 = dimensional flow properties in the absence 
ofa wave 
a, 6,t = partial derivative with respect to a, 6, t 


G = order of solution [Eq } 
primes denote derivatives with respect to a, or dimensional 


quantities 


INTRODUCTION 


— OSCILLATIONS of large, even destructive, 
amplitude are common in combustion chambers 
of present-day rocket and jet engines. It has been 
proposed by several authors’ * * that such oscillations 
can be generated from weak acoustic disturbances by 
coupling with the heat released by unsteady burning. 
These analyses depend critically on the assumption that 
the waves are small so that only the initial problem is 
solved. The character of the finite wave structure re 
mains unknown. If the acoustic mode is longitudinal 
the 


strong wave resulting from amplification must be a 


(particle movement parallel to the chamber axis 


shock, traveling back and forth in the chamber, as in a 
pulse jet. If, as it sometimes happens, the mode is 
transverse to the axis of the cylinder Fig. 1, 
the the 
nature of the corresponding strong wave pattern is not 


e.2., 


where the particles ‘‘slosh’’ between nodes 


so obvious. It is of especial interest to know whether 
the shape and frequency of strong transverse waves 
may, for practical purposes, be represented by linear 
acoustic theory. Further, by considering the viscous 
dissipation of various wave patterns, some idea of the 
relative likelihood of the occurrence of various modes 
may be gained. 

In a plane wave, the mechanism by which a pressure 
pulse steepens into a shock is well known—the high 
pressure portion of the pulse has an elevated speed of 
sound, and hence overtakes the low-pressure portion 
ahead of it. A pulse moving transversely in a cylinder 
is also subject to the steepening effect; however, steep- 
ening is complicated by the scattering effect of con- 
tinuous reflection at a curved wall. For example, when 
plane pulse P (see Fig. 2) passes a place where the wall 
changes slope, a reflection provides, in addition to the 
continuing pulse P’, a new wave pattern enclosed by the 
front P”. 
entirely what happens in a cylinder, it does illustrate 


While the picture is not intended to explain 


that resonant wave motion transverse to the cylindrical 
axis is not as simple as in the plane case. 
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Fic. 1. Transverse ‘‘sloshing’’ mode, » = | 


Therefore, considering fully developed acoustic os 
cillations in a closed cylinder, a longitudinal mode 
may be regarded as a train of plane pulses, each sub- 
ject to steepening— unaffected, of course, by the specu- 
Shocks 
may therefore be expected to appear as a result of 


lar reflections occurring at the ends of cylinder. 
longitudinal combustion chamber resonance. In con- 
trast, a transverse mode cannot be regarded as a train 
of separate pulses, owing to the wall scattering. Thus 
it is not clear that shocks must appear in transverse 
resonance. 

To explore this matter, it is appropriate to consider 
normal modes of transverse oscillation in a cylinder, 
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Fic. 2. Scattering of acoustic puls 


and to investigate the consequences of 


finite wa 
strength by finding higher approximations to the wa 


motion, as done in plane-wave problems by numeroy; 


investigators, the first of whom was Rayleigh.‘ Th 


circular-cylindrical chamber appropriate to jet engines 


is a suitable geometry for the present study 


the cylinder with no energy addition or other variations 


of state. This postulate is equivalent to the assump 


tion of channel flow through the chamber with negligibl 


Mach Number. 


probably cannot be maintained in the absence of energy 


addition—as by burning-—to drive it, 


neglected herein. If the effect of burning were include 
at a wall or interface, as some coupling analyses 

assume, the present work would be changed only it 
detail, but not in the approach or, perhaps, the quali 


tative results. 


A secondary factor which is considered in the present 


analysis of strong waves is a wall effect called ‘‘stream 
ing.’’ This is a second-order phenomenon arising be 
1 


cause of the boundary-layer flow at the chamber wal 
rhe streaming (described by Rayleigh? and Schlichting 


for plane waves) consists of a steady rotational flow 


which occupies the entire chamber and is explicitl 
independent of viscosity. In combustion chambers 


somewhat different description of streaming is required 


The equations of motion of a viscous compressible fluid can be written in nondimensional form for constant 


Prandtl Number and specific heats as 


pp + V-(pu) = O 
D l j 
pa + - OP = —eplVe + VV wI+9 
Dt + 2 | 
D1 y —1DP 6 (y — 
p = = V-(uVl) + 
Dt y Dt 20 ? 
P= pT 


The solution of Eqs. (1 
cosity, and then finding the viscous contribution. 


») 
- { 
u-Vu — > PV >t + (Vu-V)u — (u-V Va 
») 
Ll) .,§V-(e-u) — (Vxu)- (Vu \ 
MoO 
(—2u-(V2u) — (2.3) (V-u)"I 


will be considered by first examining the potential flow oscillations in the absence of vis 


THE POTENTIAL FLow 


In this case 6 Q and it may be postulated that a velocity potential, yg, exists such that V¢ ¢. The 
energy and state equations yield the isentropic flow relation, P = p’. Then Eqs. (1) yield 
Ve - gn = WeVert ly — V2) Ve-VeWe + (1 DVE-VVE-Ve) + (y¥ — Des : 


while the pressure is related to ¢ by 


1 — Po (y 


1) 


NVeE-Ve] 


le, + (1 


Lacking a direct solution of these equations it is assumed that P and ¢ can be expanded in a series 11 powers OF som 
4 | 





In th 
absence of oscillation, quiescent air is assumed insid 


Although a very strong oscillatior 


such addition is 
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ON STRONG TR 


Thus, 


»mplitude parameter € 


vields 
iis 0 


C2. - V¢ 


Solutions of these equations, periodic in time, are desired. 


solution for a transverse wave potential are 


P sin t cos n6J,(a 
sin (t + 70) J,(a 

¢ (1/4) sin 2¢ HER - (y + l)gla + [J,7(a 
1 2) sin 2(¢ + 0) [J,7(a (y + l)fl(a)] 

fo 1/4 sin 3/ | Fy a) cos 35né + Fy a@) cos né | +- 
sin 3(¢ + mO0)Fi\(a) + sin (t + 00) F(a 


where f, g, and F, are described more fully in Appendix A. 


The frequency 


where w, is such that J/,,’(¢ 0, and a, Bay R 


ET Ag \ F;’ 


Values of (2 are given in Appendix B for 7 l and y 


From these expressions and Eqs. 


P 1. P, cos f cos né 
YP; cos (ft + né 

P y cos 2t [Px cos 2n6 + P|] — y [Px cos 2n8 
2y [Px cos 2(f + nO) + Pos] 

P y cos 5t [Ps) cos 3n0 + Ps, cos né| — y cost 
ty Px cos 3(t + né y Ps, cos (t + n6 


where the P 
dix C. They are illustrated in Fig. 3 
” 1.4. Since the P 


the solution to third order should give a satisfactory 


are functions of a and are given in Appen 
for n | and 
of Eq. (7) are all of unit order, 
description of oscillations that, while having a pressure 


umplitude moderate compared with average static 


pressure, have tremendous intensity on an acoustic scale 
Now, referring again to Eq. (5), it 
strated 


be demon 
that, to all 


are harmonic in time 


can 
the proof follows by induction 

ders of approximation, the ¢ 
ingle 
juency is permitted to depend on the wave ampli 
tude [see Eq Ob) |. 


nd as illustrated in Eq Oa), provided the fre 


This frequency dependence in 


volves only even Further 
more, the pressure is symmetric in both time and angle 


On the 


powers of the amplitude. 


lor the first three orders, observe Eq. (7) J. 


other hand, the corresponding plane wave problem 
" Fig. 1 illustrates a first-order standing wave for 1 and 
ng Way s the illustrated pattern rotates about the 
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rT €'¢ + | } 
PO + &P® 4 f 
s 
Ve Sr ay = l ts ea gy T 


If they are solved successively, the first three orders ot 


standing) * 


(traveling 
— | 


. ' ° 
y + 1)f(a)] cos 2n6; (standing 


is found to be dependent upon the amplitude and may be written 


3) and (4), the pressure can be found and 1s 


; Ha 
traveling 
[(sin ¢) 4] [F3(@) cos 3né + Fy(a) cos n6] (standing 
traveling 
+ ¢-f) + Ob 
1) F,’(8 standing wave 
oc 
(8 traveling wave 
1.4. 
standing 
traveling 
+ Pos] (standing 
traveling 7) 


[P32 cos 3n6 + P35 cos nO standing 


traveling 


has no such periodic solution. The first-order plane 


traveling mode has the shape sin (f + x), which is 


analogous to ¢"'’ of Eq. (Ga However the correspond 


ing second-order plane solution varies as / sin 2(f + 4 


which is not periodic. This lack of periodicity is gener 


ally understood to be associated with the steepening of 
the longitudinal mode into a shock pattern 


Hence, as opposed to the nonexistence of such a 


strong permanent isentropic longitudinal mode of os 
cillation, it appears that there exists a permanent strong 
potential form for the resonant modes of oscillation 


transverse to the axis of a circular evlinder. Further, 


the frequency is near the acoustic. Of course, these re 


sults depend on the unproved assumption of converg 


ence of the assumed series [see Eq. (14 However, 


the first three approximations, at least, show no indi 
cation of difficulty on this score 


ilso represents an instanta corresponding 


r 
2 


evlinder axis 
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P;;(a), [Eqs. (7)] for n = 1, 7 


Fic. 3. 
EFFECTS OF VISCOSITY 


So far as the internal aerodynamics of a jet engine 
are concerned, the possible permanence of strong isen- 
tropic transverse waves is likely to be important in the 
following sense: if the combustion process is able te 
provide energy to drive an oscillation in any mode, then 


J ,(a) nJ,(8) 
ww) = ncos (t + n6) = 
a B 


In the calculation of the relative losses in longitudinal 
and transverse modes, some second- and third-order 
longitudinal properties are needed. Having the first- 
order solution in this mode [see Eq. (9)], the second- 
order axial velocity is readily found. The result, valid 


throughout the chamber, is 


e-" cos (¢ + 20 — n) 
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large amplitudes will tend to be associated with mode 
having small inherent damping. Thus perhaps, trans 
verse oscillations may commonly be more severe tha 
longitudinal, the latter being subject to shock losses, 
Full consideration of the damping of possible stron, 
wave systems is beyond the scope of this paper. Hoy 
ever, certain interesting results may be found by assuy 
ing that all viscous stresses are confined to a thi 
boundary layer near the cylinder wall, and studying 
the effect of this boundary layer on the wave motion 
It is assumed that the through flow Mach Number js 
small, so that the main stream boundary layer and that 
of the wave motion can be considered independent. 


Boundary-Layer Solutions 


To find the solutions for a strong wave in the presence 


of a thin boundary layer, the equations of motion 


[see Eq. (1)] can be expanded in powers of the ampli 
tude. Thus, if 


T=1+ e7% + @7TO +...) 
w= UMO4+ Cur + ..,, etc. f 


sets of linear inhomogeneous differential equations d 
fining the successive approximations are readily found 


The equations can be simplified by making the usual 


boundary-layer approximations. The boundary condi 
tions are that the velocity and the temperature fluctu 
ation vanish at the wall. 
ing transverse wave may be given. These consist of 
the potential solution already found plus viscous bound 
ary-layer terms. These solutions, valid throughout the 
chamber, are, for constant wall temperature, 


P® = —ycos (¢ + 6) J,(a@) 
pe) = —cos (t + 6) J,(a) — (y — 1) J,(B)e-7V2 cos (t + 00 — nro) 
T = —(y — 1) cos (t + nO) J,(a) + (y — 1) J,(B)e-7V"% cos (t + 06 — nVo) 


(y = 1) a ™\ || 
P e-"V° cos | f + 20 — Vo + — cos{¢t + nO + | 
6J,(B) Vo f | { 


v) = sin (t + nO) J,’(a) — ‘ 
2 n- 7 us 
+ —[e * cos 1? + 00 — 4 + — cos (t+ 6+ | 
B t 
where = (8B — a)/é y+ 1 : —— 
" uo = * t}sin 2(¢ + x) — e-7V2 sin (2¢ 4 
For a longitudinal wave, the same expressions hold, 
provided one sets J,(a) = J,(8) = (n/a) = (n/B) = P ; ee | y- 1 { x 
a = — ‘ + ( o 0 
1, J,/(a) = 0, 20 = x, and w) = yx, 7 ' 2 (2 a its 


j 2 i ee 
<e77 — é “) | 
{ Vv Tw n/Ve 


+ terms harmonic in (¢ + x) and vanishing at 7 = 0, 
+ terms independent of ¢ and x and vanishing at 


n=0, © (10) 





To illustrate the kind of solu- 


tions that arise, the first-order expressions for a travel- 
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ON STRONG TRANSVERSE 


The integral term is a solution of the homogeneous 


boundary-layer equations found by the Laplace trans- 


‘orm method on the assumption that, at a certain time 
~ (), the viscosity is, so to speak, suddenly turned on. 


[This term will be discussed further in a later section. 


Finally, a partial third-order solution is 


y@) = x 
“ 9 
ams 
(3.cos 3 + +) — 3e—7V2 cos (af + 3X — nV 3) I 
| - co8 (l + x) — 4 "cos (t +x — 1) 
terms of lower order in ¢ (11) 


[hese expressions enable one to find the leading 
terms in the dissipation. The analogous expressions 
for a transverse wave can also be found. They differ, 
for the present purpose, from those for a longitudinal 
vave in that they do not vary as strongly with time. 
Viscous Dissipation 

[he rate at which mechanical energy is dissipated 
in a fluid element is pow” [u(w.” + u,”)]. Averaged 
over a full cycle, the rate of energy dissipation, D, in the 


chamber is 
l” wre po 
aw 
D = Puly- | at| dé xX 
or De 2rN a | 


* . 
a( : ) u(w,- +u,")dq (12) 
« (wl ay e 


where |” is the chamber volume, and where the integra- 
tion is over only the boundary layer; the remaining 
dissipation being negligible, as it is proportional to 
6 1.€., Mh 

The energy dissipated is conveniently expressed as a 
function of the energy of the potential wave, which is 
constant and, to first order, twice the average of the 


initial kinetic energy of the wave. Thus, the energy is 


2V igus te v 
Bs IV(1 } dt | d - ) 4 
Ie)?! J 0 J 0 (wl /dg) 


-T7 4 


os ; 
aof p- [w? + u? + v7 ]d (: (13) 
. Jo 2B re] 


If Eqs. (9), (10), and (11) are put into Eqs. (12) and 
13), it follows that the fraction of original wave energy 
dissipated per unit time in a longitudinal mode is 


D day f (vy + ] 
= l+e - (Y2 — lt + OC — 


(14a) 


In a similar manner, the analogous result for a trans- 
verse wave, either standing or traveling, is found to be 


D/E day R) , [n?/(6? — n*)] + O(e2)} (14b) 
where the €* term does not grow with time as it does in 
Eq l La 

For the higher transverse modes, the greater is 7, 
the greater the dissipation, as indicated in Fig. 4. For 
a purely radial mode (7 = 0), the dissipation is zero to 
this order (in 6) as there is no wave boundary layer. 
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Fic. 4. Dissipation in various modes 


However, based on the analysis of reference 3, 1t 1s not 
expected that this mode would be driven to large amph 
tude in most current engines, because of the configu 
ration of the burning. Amplification of a radial mode 
requires the burning to be concentrated at the cylinder 
axis. 

On the assumption that the length of cylinder L is 
equal to the half wave length of the longitudinal wave, 
the leading term of Eq. (14) is shown in Fig. 4 as a func 
tion of Z for fixed R. It appears that viscous dissipa 
tion favors predominance of longitudinal resonance over 
the transverse kind for large LR while the converse is 
true for small L/R. If the wave amplitude is large, 
Fig. 4 must be modified to favor the appearance of 
transverse resonance, because the longitudinal dissipa 
tion increases faster (as e*f*) with time than does the 
transverse {see Eq. (14) ]. 

Thus one may conclude that if, in a cylindrical 
chamber, there is a mechanism for providing energy at a 
certain rate to drive an acoustic oscillation, the trans 
verse mode can be driven to a larger amplitude than 
can a longitudinal mode. The degree to which this is 
the case in practice depends in part on other consider 
ations such as hardware, burner configuration, and the 
like. Of course, this result might have been anticipated 
if the large losses due to shocks in the plane case, as 
opposed to the transverse one, had been considered 


directly. 


Streaming 

In addition to viscous dissipation of energy, the 
boundary layer of a strong wave causes a second-order 
This is illustrated 


The first term, [(y + 1 


change in the mean fluid motion. 
fora plane mode in Eq. (10). 
4]t sin 2(¢ + x), is the potential term and the remainder 
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INCREASING TIME This expression violates the assumed boundary cond 
tion that the velocity approach the potential value 
first term of this equation). Therefore, in this Case, for . 
the wave motion to be permanent, the solution, l 
as / — o, must include a steady (second order jp , 
outer flow, not necessarily irrotational, which goes, wii 
the wall, to the same value as does uw) in Eq. (10 AS f 
This added external flow replaces the error functig, " 
SMALL term in Eq. (10), and is the limiting flow toward whic} 16 
t that term was developing. This development is som, tra\ 
what analogous to the growth of the steady boundan r) 
— layer at the entrance to a pipe into a fully developed [ 
Poiseuille flow cont 
In the present instance, that of a longitudinal traye! effet 
ing wave, the additional flow is clearly a solution of th eg 
homogeneous counterpart of the second-order equa- sig! 
tions for steady flow. It reduces to simply V?u'2 = 9 an 
: k ia The required solution is then a uniform “streaming” | that 
Fic. 5. Development of — velocity profile in traveling flow replacing the integral term in Eq. 10) and lead. (yg 1 
ing to the conclusion that Eq. (16) is correct outside lire 
are viscous. Of the viscous terms, all except the in- the boundary layer. The motion is in the same direc- : 
tegral term correspond to a very thin periodic boundary tion as the wave. vet 
layer which has no unusual properties. In particular, The final time independence of this flow is perhaps 
its thickness does not increase with time. The remain- rather surprising in view of its generation by an os I 
ing term 1s cillatory flow. Another unusual result is that, although - 
2 f¢ this motion is found by consideration of the way 
| e° d¢=erfe (n/V 2) (15) | Sis Glace ae ha : oe 
Vad 0/% youndary layer, the final shape and amplitude are ex 
This has a quite different character. It vanishes as plicitly independent of viscosity 
n — ©, and goes to unity at the wall, 7 = 0, as required This fully developed flow is a classical phenomenot 
by the wall boundary conditions. It has a rather arbi- known as “‘‘acoustic streaming.” It can, in general, 
trary character in that it implies that, at ¢ = 0, vis be determined without examining the 1nitial motion 
cosity suddenly appears. The term is not periodic but This approach has been followed by a number of au- 
rather, as time progresses, its effect penetrates farther thors’ ~* who were primarily concerned with the stream- | 
and farther from the wall. This growth represents the ing induced by plane waves. The first such analysis , f 
diffusion of vorticity into the chamber and is analogous was given by Rayleigh toward the end of the last cen 
in this respect to the spacewise growt’: of a steady turv ' whe 
boundary layer. . ; IVE 
ESOS EE ee OE a In the case of a transverse wave the streaming motion " 
in rockets and jet engines where there is a net through 9 somewhat etna complex, although — the wall tie limi 
flow, one might expect that the time involved in Eq. solution ts similar to the one re hts eee to tl 
(15) would be that required for a particle to be swept wave solution will be described and the third-order | ite 
through the zone containing the oscillation. This time solution will also be determined. it m 
is of the order of the chamber length divided by the The motion is readily found without computing the gin 
mean through velocity. Thus, the boundary layer rep- entire boundary-layer flow. Streaming only arises as a N 
resented by this term is, crudely, of the same thick- nonharmonic part of the second-order flow. Thus, pote 
ness as that associated with the through flow (for a the first-order solution [Eq. (9)] can be put into the fF thi, 
rocket) and grows at the same rate. The remainder second-order equations and the harmonic terms de- se [i 
of the wave boundary layer [see Eqs. (9) and (10)] is leted. Particular integrals of the resulting expressions 
much thinner and is periodic. On the other hand, if are readily found and are of boundary-layer type 
there is no through flow, the time involved can be i.e. decaying exponentially with 7 - 2 a)/6 
considered essentially infinite and the boundary layer Complementary polities aoe (hen required to cance 
represented by the integral term fills the chamber. these and any potential flow terms at the wall. , 
Thus, if ¢ is large enough, 7/\/2t ~ O for all finite 7 ; . sa . 
and Eq. (10) becomes, for large n, For small time, the solutions are error functions. In now 
‘ vt — the limit as ¢ ~ , the complementary solutions can 
yo = — : . tsin 2(¢ +x) - = ae ; + be found by defining a stream function ¥ such that 
as a v2? = —w® and y,° = av. The function y's | 
whe 


(’ biharmonic and 7? is harmonic. The resulting solu- 


tions follow easily and are 
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P 0 ie | NODE 


a Cy erfc (n/vV 2! —> (a B3)Cy (17) 
7 p Cw erie (nya 2t) > G ) 
where the first expressions apply for small ¢ and the last 
stm C, and Cy are givenin Appendix B. These 
expressions, together with the potential result [Eq. 
16 form the complete solution to second order for a 
traveling transverse wave; the purely harmonic bound- 
iry-laver terms being omitted. 
To this order, the solution is permanent, or, more - = 
correctly, approaches a permanent form. The primary 
effect of streaming is to generate a steady wheel flow 
see Fig. 5) whose direction of rotation depends on the 
sign of Cy. For low-order modes Cy is positive, indi- 
cating that the steady flow is in a direction opposite to 
that of the wave. For high-order modes 7» 8 — 1 and 
C, is negative, so that the steady flow is in the same 
direction as the wave motion. If one takes the limit 
isn, 8—~ ©, then 7 38 = 1 and the solution reduces to 


that for the plane wave case [the steady part of Eq. NODE 


16 Fic. 6. Streamlines of streaming in standing mode (m = | 








[he streaming corrections to the potential solution for a standing transverse wave can be shown, in a similar 


manner, to be 


. a Q a 
0) — ns cos 2n6 - | 
o oO J 
. . ) - A 9 a is l a 
C, sin 2n6 ertec — nC, sin 2n6 _ 
/ 2t o " 3 IS 


st— . Cs, C;, and Cs are 


where, again, the error functions terms apply for small time and the other expressions < 
given in Appendix B. 

For small time, there tends to be a drift of the flow immediately adjacent to the w 
limit of large time, the main effect of streaming is to introduce a set of 4n vortices symmetrically placed with respect 


rall toward the nodes. In the 


to the nodal lines of the first-order wave and whose sense of rotation is inward toward the ¢ vlinder axis along the nodal 


lines (Fig. 6 This result is very similar to that described by Rayleigh® and Schlichting* for plane flow. In passing, 
it mght be noted that the present analysis is valid for high Reynolds Numbers. In the low Reynolds Number re 
gime, "a qualitatively similar result, but with the rotation in the opposite sense, is to be expected. 


Next the third-order solution can be found. Unless the boundary-layer solutions are desired, only the first-order 


potential flow Eq. 9)] and the second-order streaming [Eqs. 17) and 
For large ¢f and a traveling wave the resulting pressure 


IS) ] need be considered. In this case the 


h; ill . . . . - 
third-order equations are readily integrated in closed form. 
is [in addition to the potential contribution of Eq. (7) | 


= no Cy 7 /Z C; |] cos {+ noi\a Fi ‘Ca 19 


lo satisiy the boundary condition (only that of vanishing normal velocity at the wall, as the boundary-layer 
solution is not considered), a second frequency perturbation, §s, is required. Thus, the frequency can be written 


now as 


+ 


Where w) and ¢ take their potential flow values [Eq. (6b) ], and ¢» is given in Appendix B 


For a standing wave, there is found 
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Ye ; Cs 

P = — -C; cost cos né aJ, ial— 
Z 1(2n + 


(1 + 1)J,(a)] + cos 3n0 [a 


CAL SCIENCES—JUNE, 


a\°" ; 
cos ft }COs nO [aJ,'(a) + 
1) B 


\ 
a 
J,'(a) + (38n + 1)J,(a)]y — nC (“) sin ¢ X 
Vv 


l fa B F { ae 8 can — | np | 
\cos no — Vs (a) _— eis wie _ — d J, (a | 
ZN a ( 4(n + 1)8 4n 2nB 2a? I 
ijn —leae Bp K (i -—< 8 n° + 6n-+-4n-+-1 np} 
+ cos 3nd — Tn’ (a) + + —— +- _ + eT (a | 
2\n + 128 a l4(n + 1)8 4n 2n(n + 1)8 2a24 
vCg n(in + 2) J an(a ee 
cos f cos 3n8 | — B J ,(B) : +nyC, sin t cos 3n6 X 
4(2n + 1) 8 Fen"t8) 
l jn? + dn l J3n(a) nyCs , : 
a, (1 ee scifi ) J,(B) = + io [tcost J,(a) + aJ,’(a) sin t] cos n6 
n+ 1 B Jsn'(B)  B(B? — n?) 


with a similar frequency fluctuation, (2, given in Appendix B. 
attenuation of the fundamental of the oscillation [Eq. (7) or | 


If consideration is limited to the case of ft ~ ©, it 
can be shown, in general (the proof follows readily by 
induction), that the traveling transverse wave is perma- 
nent to all orders of solution even when a boundary 
No 
In- 


layer and streaming are assumed to be present. 
such statement can be made for a standing mode. 
deed, Eq. (21) shows that this is not true and that the 
wave attenuates. On this basis, a traveling transverse 
wave can perhaps be driven to larger amplitude than 
can a standing one. 

The streaming contributions probably do not affect 
the flow pattern importantly except in the case of very 
strong waves, for, as can be seen from the small values 
of Cg to Cy (Appendix B), the magnitude of the stream- 
ing is negligible unless ¢ is large. It is possible that, in 
a rocket having a very low mean through velocity and 
large length to diameter ratio, the streaming boundary 
layer could significantly influence the flow if there was 
an extremely strong transverse oscillation present. 


CONCLUDING REMARKS 


The general results obtained are really three in num- 
ber—the primary one dealing with potential flow, and 
the others with viscous dissipation and with acoustic 
streaming. It has been shown that a permanent po- 
tential wave motion of finite amplitude is quite possible 
in cylindrical mode for an internal flow, as contrasted 
with the nonexistence of such a motion in a plane mode. 
Thus, the cylindrical mode cannot be regarded as a 
train of distinct pulses, but is rather an interference 
pattern in which the scattering effect of the wall over- 
comes any tendency for components to steepen into 
shocks such as occur in a plane mode of oscillation. 
Extrapolating from these results, it seems likely that 
such a strong permanent wave can be found for almost 
any nonplanar mode of oscillation in a chamber. In 
practice, the degree to which this statement would hold 
would be dependent on the degree to which the walls 
are nonplanar. Considering the problem in terms of a 
series expansion such as is used in the present study, 
the criterion seems merely to be that the frequencies 
of the normal modes of oscillation in the system cannot 


The term linear in ¢ (in the last bracket) represents a 


9) ] for it has the same shape but the opposite sign. 
be integral multiples of each other. This is certainly 
a necessary condition. 

The amplitude variation of the finite potential wave 
is, for a cylindrical mode, symmetric in both time and 
angle. The frequency is a function of wave amplitude, 
although, for waves of moderate strength, this fre. 
quency is near that of the corresponding acoustic 
mode. For example, if the maximum peak-to-peak 
pressure amplitude in the first (lowest frequency 
transverse mode is one-third the chamber pressure- 
i.e., about 176 decibels—the frequency of the strong 
wave is reduced from that of the associated sonic mode 
by less than 2 per cent. 

The detailed form of the first three approximations 
to a purely cylindrical mode is given in Eqs. (6) and (7 
and a number of pressure profiles for the first standing 
sketched in 


transverse mode are Fig. 7. Fig. 7(a 
shows the pressure profiles around the wall for several 
values of time. The profiles differ from sine waves 
primarily in showing a typical second harmonic dis- 
tortion. On the other hand, the time histories at sev- 
eral points on the wall [see Fig. 7(b)] appear to be 
approaching a square pattern. It should be remem- 
bered that the small irregularities in the profiles are 
probably due to the order of the solution rather than 
being indicative of the final wave shape. If the wall 
pressure in the first traveling transverse mode were 
plotted against (wf + @), the resulting plot would be 
quite similar to that in Fig. 7(a) fort = 0. 

An estimate of the viscous dissipation in longitudinal 
and transverse modes indicates that, for large (small 
length to diameter ratios longitudinal (transverse 
waves are damped the least, but that the dissipation 
of longitudinal waves increases faster with time than 
does that of a transverse mode [Eq. (14)]. Hence tt 
appears that transverse waves can be driven to higher 
amplitude than can longitudinal ones. This result 
could have been expected on the basis of the presence of 
shocks and their accompanying losses in the latter cast 
and their absence in a transverse mode. Of course, 1 
a real situation, these conclusions could be modified by 
the particular geometry, hardware, inlet and exit com 


ditions, and driving force. 
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t=7/2 
p-| 
_ SP 
8 
=— —=-FIRST APPROXIMATION 
—— THIRD APPROXIMATION 
Fic. 7(a Angular variation of wall pressure profiles, standing 


mode (nm = 1 


As a corollary of the boundary-layer calculations for 
determining the dissipation, there are found the acous- 
tic streaming terms. For moderate or small times 
such as the time for a particle to traverse a rocket 
combustion chamber—the streaming appears as a 
boundary-layer term |that is, proportional to erfe( 
much thicker than 


If sufficient time 


\/2t)|, growing with time, and 
the periodic portion of the layer. 
elapses, as would happen if there were no through flow, 
this growing boundary layer will fill the chamber in 
much the same manner that the steady boundary-layer 
flow near the entrance of a pipe develops into the 
Poiseuille flow. In the present problem, that of trans- 
verse waves, several interesting features arise in the 
end state of fully developed streaming. For a travel- 
wave, the second-order streaming 
and a 


ing—i.e., spinning 
exhibits a steady temperature perturbation 
steady wheel flow [Eq. (17)], but no pressure perturba- 
tion. The flow direction for practical modes is opposite 
to that of wave propagation, differing in this respect 
from the corresponding result for plane flow fEq. (16)]. 
For the standing wave, there is a steady temperature 
perturbation as well as a steady vortex motion [Eq. 
\S)|. The cellular flow associated with the standing 
Wave is similar to that found in the analogous flat plate 
problem lhe existence of such a structure has been 


verified experimentally.‘ 


In the third-order streaming solution, the traveling 
Wave is still periodic [Eq. (19)]. Indeed, it can be 
shown that, to all orders, the fully developed streaming 
flow in a traveling transverse mode is permanent. On 


the other hand, the standing mode is not permanent 
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standing 


Fic. 7(b lime variation of wall pressure profiles, 

mode (” = 
[Eq. (21)]. The third-order solution indicates an 
attenuation of the fundamental, the decrement being 


proportional to the square of the wave amplitude. On 


the basis of this attenuation, it may be expected that a 
traveling wave is more likely to occur than a standing 
one or, at least, can be driven to larger amplitude. 


In summary then, on the basis of the present ad 
mittedly idealized analysis the following picture might 
be expected when strong oscillations occur in a cylin 
drical chamber, such as is used in many modern engines 


Assuming that the bare appearance of all modes of 
oscillation is equally probable, it would be expected that 
a longitudinal mode could be dominant only for moder 
ate wave amplitudes, with this dominance more likely 
in a long chamber. Ii there is sufficient energy avail 
able, as from burning, to drive an oscillation to very 
large amplitude, then it is to be expected that the 
dominant mode will be a transverse one. This lateral 
mode will probably be the fundamental (lowest fre- 
Its profile will be symmetric in angle 


quency) mode. 
The frequency 


and time and should involve no shocks. 
of the mode will be near to that of the corresponding 
acoustic wave. Unless the geometry dictates other 
wise, the mode will probably be a traveling, or 
one rather than a standing, or ‘‘sloshing’’ one 


“spin 


ning,” 
The spinning mode will be accompanied by a quasi 
steady flow in a direction opposite to that of wave prop 
agation, which tends to develop into a steady wheel flow 
propagation. If the mode is standing the tendency will 
be toward a set of steady vortices (four for the first 
mode) symmetrically placed with respect to the nodal 
The development of these steady 


lines. degree of 
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patterns will depend on the magnitude of the through and the solutions are nonsingular. 
velocity and the length of the chamber. The L,, m,, and h,, are defined by the matrices. 
Finally, then, strong resonant potential oscillations ri, P.,, Ft 
; : : : . ; fod l d Qn ] 
in a mode transverse to the axis of a circular cylinder ob + 
are possible. To a good degree of approximation, their ve a da si 
shape, and particularly their frequency, can be described d? 1 d ; n p 
4 , 4 + Q 
by linear acoustic theory. dit * us die m 
d 1 d Qn 
APPENDIX A i { 
da a da a 
Functions Appearing in Eqs. (6 d? ld n 
The functions f(a), g(@), and F;(a@) are solutions of da? a da a 
inhomogeneous Bessel equations. They satisfy a! iw n 
: + 1 p 
f" + (f’/a) + 11 (1° a*)|f = Fe) | da? a da a | 
g” + (g’ a) + 4g T (a (1 =)( *) (s iH HN | 
cae D 
where Pa- an a a 
1(Q) f’(B) = (0) = g’(B) = O (: ; (24 a (24 am } ) 
and Za° a” a a 
j i ) ] | uu 1 yn V7) 
Y 7 a —_ — 
L yf | / (Mnf + mM aa | = 2a? a a a 
hen 1) ] " n° , Lon- Dn sn 
= Yn Tf + mist,g + 3m ti (: roe 2 p 
) » { a a a a 
/ on ot \ 8" n 
= : 3 sted ; - 7 ) or )( 7 
ym » t had f r [ 2a a a’ a p 
| i ve gas Jaa ig —3 9 3 0 =] J 
as + hioJt,J,’* + ms + hi.J st A _ 
| | a a f —3 —6 > %& > te ) | 
| m;; = l O10 -!I l — ) 
where | 9 {| 2 —g , —9 3 e 
F\'(8) = Fe'(8) = F;(8) = F,'(0) = F,’(0) = 0 = 010-1 1 -3 - 
\Il t 
APPENDIX B ing ¢ 
Constants Appearing in Eqs. (6b) and (17) to (21 
Standing wave 
JB) | 3a (y — 1 : 
a nS Bp Pg AS IVa — = 0.0204 sass 
2B 1B- 2( l oh a) = Octo 
y¥— I 7¥— 1 nN o + 20+ 3 7 
C=- J,*(B) (1 — pr) 1+ = 0.03SS mut 
: | 2 28 l+ oa Mar 
“— 4. Bet — Se — 2 
oe oe y ln T.2(B) 0 i¢ ao a 0.0318 
| 3 ; ( l — ¢€ ) a 
f = [Eq. (6c) ] = —().281 
7 , 8B? — n(3 2 
P 7 C; 7 Ce 3 n(3n + | ~ _(90110 
2 L'2n + 1) B? — n* 
Traveling wave 
nJ,.*(B) 37° 1-1 (y l)o mene 
Cc) = 1 - - + My = O00 
28 2B- o(1 + oa) l+o 
Cw = 2C; = 0.0776 
& [Eq. (6c) ] = —0.084 
f& = —[(n/B)Cy + (1/2)Cw] = —(),0593 
* These values are for n = 1, y = 7/5, o = 0.73, wr = 1, and 8 given by the smallest zero of J/;'(8)—1.e., B = 1.841 
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\ll the f, ¢, F,, and //, are functions of a. If the acoustic frequency is used in calculations, include the terms involv 


ing ¢ (standing value in P3;, traveling value in P3,). Otherwise omit these terms. 
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Influence of the Leading-Edge Shock Wave 


on the Laminar Boundary Laver at 






Hypersonic Speeds’ 


LESTER LEES! 


California Institute of Technology 


SUMMARY 


In order to bring out the importance of the leading-edge 
region at hypersonic speeds, the influence of the leading-edge 
shock wave on the laminar boundary layer is investigated in 
two simple cases of steady flow over a semi-infinite, insulated 


flat plate: (1) sharp leading edge; (2) blunt leading edge, as 
approximated by a normal shock wave. The streamlines that 
enter the boundary layer over a large region of the plate surface 
has previously crossed the shock wave very near the leading 
edge, where the shock is strong and highly curved. Conse- 
quently, the temperature at the outer edge of the boundary 
layer is appreciably higher than free-stream temperature, and 
the vorticity there is not zero. The effects of this shock-wave 
“heating’’ and vorticity on the boundary layer are shown to be 
much larger than the usual “‘errors’’ made in the boundary-layer 
theory, and an estimate of these effects can therefore be obtained 
within the framework of that theory. The numerical magni- 
tude of the shock-wave influence is found to be appreciable 
For the case of the blunt leading edge the slope of the curve 
of induced pressures plotted against the hypersonic interaction 
parameter closely approaches the experimental data of Hammitt 
and Bogdonoff obtained in helium at large values of this pa- 
rameter. These approximate results show that the influence 
of the leading-edge region at hypersonic speeds requires careful 
theoretical and experimental study. 


SYMBOLS 


a* = sound speed, V yRT* 

Cp, C, = specific heat at constant pressure and constant 
volume, respectively 

G = constant in viscosity-temperature relation, u* = 
CT* where C = g,*/T," 

F = constant obtained from Falkner-Skan solution 

h* = distance from shock wave to plate surface 

V = Mach Number, u*/a* 

p* = pressure 

R = gas constant, per unit mass 

Re = Reynolds Number, (u,,*°t*)/v 

Re. = Reynolds Number, (7, *x*)/v 

A = entropy, per unit mass 

5 = time 

’ = absolute temperature 
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“3 = components of velocity parallel and normal to; 


surface, respectively 


x*,y* = coordinates parallel and normal to plate surf 
respectively, with origin at leading edge 

S = ni/Nis 

B = parameter in Falkner-Skan solution, (y — 1 

v = ratio of specific heats 

6 = boundary-layer thickness 

6*,6** = displacement and momentum thickness, respectiy 

y* = stream function 

u™ = ordinary coefficient of viscosity 

v* = p/p” 

p* = density 

x = hypersonic boundary-layer interaction parameter 
(M,°*V C)/V Re 

n = nondimensional ‘‘distance’’ normal to plate surf 
FO en ie ME 

n = corresponding y in equivalent incompressible flow 

Pp - i p r 

p = p/p ~ CO 

Subscripts 
= free-stream quantities 

5 = quantities evaluated at the outer edge of 
boundary layer 

U = plate surface 

l = location along the plate surface 

2 = quantities just behind the leading-edge shock wav 


(1) INTRODUCTION 


T HYPERSONIC SPEEDS the kinetic energy of gas 
A motion is large compared to the ambient thermal 
energy, and the deceleration of the gas as it penetrates 
the viscous layer at the surface of a body generates 
high temperatures in this region. As a result the 
hypersonic laminar boundary layer is from 10 to 10 
times thicker than at low speeds at the same Reynolds 
Number, and the outward streamline deflection m 
duced by this thick boundary layer as it grows along 
the surface amounts to a significant change in the 
“effective shape”’ of the body. Large induced pressure 
changes are transmitted into the ‘external’ flow 
field, and these pressures in turn feed back into the 
viscous layer and affect its rate of growth. Previous 
investigations of this interaction phenomenon have 
dealt with the problem completely within the frame 
work of the Prandtl boundary-layer theory, 10 which 
the flow is divided into distinct viscous and inviscid 
regions and the influence of the nose or leading edge 
is ignored. But the change in effective shape of the 
body surface brought about by the growth of the 
boundary layer also alters the shape of the leading- 
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ice or nose shock wave, and the resultant changes 


entropy are transported downstream along the 


streamlines. At hypersonic speeds the mass flux in 


the boundary layer is very small, so that the stream 
lines that enter the layer have previously crossed the 
shock wave far upstream near the leading edge, where 
the shock is strong and highly curved (see Fig. 1). 
other words, the local value of the entropy S;*, 
r the temperature 7;*, may be considerably higher 
ian its free-stream value and may depend upon 


region. 





in the immediate leading-edge 


onditions 
\lso the vorticity at the outer edge of the viscous 
laver is certainly not zero, as assumed in the usual 
boundary-layer theory. Libby! 
nointed out that the boundary conditions for the viscous 


Ferri and recently 
flow at the outer edge of the boundary layer must be 


modified accordingly in such cases. In one special 
example they show that these modifications have a 
Dr. Ferri 


so suggested to the present author that shock-wave 


significant influence on the skin friction. 


heating’ and vorticity at hypersonic speeds will 


tend to reduce the mass flux in the boundary layer 
nd may thereby increase the boundary-layer thick- 
ness and induced pressures. 

the outward- 


moving shock wave generated by the impulsive motion 


In the closely related problem of 
} an infinite plate in its own plane, Stewartson* has 
shown that the increment in plate temperature caused 
by the shock-wave “‘heating”’ of the inviscid ‘‘external” 


flow is of order [v..* (a 2y* |) 13) in the strong 
interaction regime, or of order (\/./V Re)!~‘°* 
where Re (14..*°*t*/p.0" Stewartson states that 
this effect is negligible when (v.*/a.**t*) < 1. 


We may add that for any fixed value of the interaction 
V Re), an this 
©, and the solutions found 


parameter (\/ “error” of order 
approaches zero as \/.. > 
by him, and by the present author and R. Probstein*~> 
in the related steady flow problem, are the correct 
limiting forms. But for any finite Mach Number 
this heating effect is much larger for all real gases 

~~» = S/Z 


, the usual errors made in the 


V Re 


in the strong interaction region, and the numerical 


than 


boundary-layer theory, which are of order \/, 


magnitude of the heating effect may not be negligibly 
small. 
The 


influence of shock-wave heating and vorticity on the 


purpose of this paper is to investigate the 


hypersonic laminar boundary-layer thickness and 


duced pressures in a simple example, in order to 
bring out the importance of the leading-edge region. 
I'wo cases of steady flow over a semi-infinite, insulated 
(1) flat plate with a sharp 


blunt leading edge as approximated 


flat plate are considered: 
leading edge; (2 


hy 


by a normal shock wave. For the present the treat- 
ment is restricted to the strong interaction region 
where the the 


magnitude of the shock-wave heating effect is expected 


effects are largest. Since order of 


to be much larger than 1/../V Re in these cases, the 
calculation is carried out within the framework of the 
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Fic. 1. Hypersonic viscous flow over a flat plate 
Prandtl boundary-layer theory, with the proper 
modifications in the boundary conditions at the 
“outer edge.’’ However, the conditions under which 
the somewhat arbitrary division of the flow into 


distinct viscous and inviscid regions is still justified 


must be reexamined in these cases (see Appendix 


2) TEMPERATURE, VELOCITY, AND VORTICITY AT7 


OUTER EDGE OF BOUNDARY LAYER 


Flat Plate with Sharp Leading Edge 


and vorticity at the 


The 


outer edge of the boundary layer at station 


temperature, velocity, 
depend 
on the local pressure ~; and on the shock-wave slope 
and curvature at the point (.2*, /i2*) previously crossed 
by the streamline that enters the boundary layer at 
x1* (see Fig. 1). The point Xo*, he*) is identified 
later by recognizing that the mass flux across the 
boundary layer must be equal to the entering mass 
flux, or p.*wW5* Po Wo" Da ta te the 
flow is isentropic along the streamline downstream 


Since 


of the shock, the temperature 7;* is given by the 


expression 


T; = T2(p, 1 pot? 
But the shock wave is “‘strong”’ in the region of interest, 
so that 
be = [2y/(y + 1)] W.*(dh*/dx* 
I; = [2¥(7 — 1l)/(7¥ + 1 |. (dh* /dx*)o*T 
Therefore 
9) 1 1 
sk Or ees 
r;= : x 
(y + 1)° 24 
p AM 2 
a 
ax o J 
5) 1 
us =1+ _ 
y-1M 
Fin tt =. 
2 _ 2 i 
~~ l = , 0 
m ah ate 1 
y—-1.1 y= \/ 
+ An error of order 1J..V C/V Rey,,.* is introduced here when 
the shock wave angle is supposed to be small enough so that 
sin 0, = tan 6 Terms of order 1/x are neglected when the 


“strong shock’ formulas are employed. Neither of these errors 
enters into a first-order calculation of the influence of the entropy 


wake on the boundary layer. 
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By Crocco’s theorem the vorticity at the outer 
edge of the boundary layer, which is very nearly 
—(0u*/Oy*), is equal to 


(ps*/R)[(1/po*)(dS*/dy*) |; 
dy* has the 


and is most 


Since S* is a function of ¥* alone, d.S* 
same value all along a given streamline 
conveniently evaluated at the shock wave. For 


strong shocks 
(dS2*/dy2*) = (C,/po*) (dpo*/dy2*) t 
and the vorticity in nondimensional form is 
6 Ou* 1 6p;* f 1 dps* 
é ? A "y= 1 ee" ie p at - 


Since the “similar solution’ for the boundary-layer 
the satisfies the 
boundary conditions u* —~ u..* (or }7/[(y — 1)/2] X 
M..*} <1) and (Ou*/dy*) + 0 as yn > &, it furnishes 
the proper starting point for the calculation of the 


flow in strong interaction region 


first-order approximations to 75, u5, and (Ou*/Oy*); 


from Eqs. (2)-(4). According to the results of ref- 


erence 4: 


(i) 6 = &C’4[V M.x*/(Re,+)"*] and ps = pox 
for x > |. 

(ii) For an insulated surface and a Prandtl Number 
of unity, the velocity « is the same function of a 
nondimensional stream the well- 
known Falkner-Skan solution for the low-speed bound- 
ary layer, with the Falkner-Skan parameter 8 equal to 
(y — 1)/y. Here 


function, ¢, as in 


C= (P*/V 2p.) (1/V v. *Uo*Cx*) 


(111) The constant fp is given by the relation 
po = (9 32)¥(7 + 1)6o? = 
(3/8) [y(vy + D]'? (y -— LF 
where 
Pa PV a.*/e.°"s” + OPV 0n* 0. tenn ns 
i.c., F is the sum of the nondimensionalized dis- 


placement and moinentum thickness in the Falkner- 
Skan solution. 

Our calculation is greatly simplified by 
Stewartson’s result® that a 
inviscid rotational flow between boundary layer and 


utilizing 
similar solution for the 
shock wave also exists in the strong interaction region. 
His work shows that the ratio of the distance of the 
shock wave from the plate surface to the boundary- 
layer thickness is a constant—.e., 
hy VM 
6 = IyC"4 v2* 


by (Re,,*) 4°” 


(iv) he* 


where /)/69 is a function of y alone. 

According to (iv) the shock-wave angle dh*/dx* is 
simply related to h* itself, and therefore to y* = 
u.*h*. In fact 


t See previous footnote 
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(“) (3/4)hot?C'13M 
dx*)y  (ua*/v.*)"4(Wo*/u.,* 
By definition y¥.* = y;* = V 2p; V v.*u.*x,* 


where p;“ is given by (i) with x* = x,*, so that 


th* (Ito /6y) 4/3 M ; 
(' 1 ) = 1.56 — 10/6 b f \ °) 
dx* 2 ‘. " | ye 1) ‘s ; V Re... 





By substituting this last result into Eq. (2) and agaj 
utilizing the relation (i) for p; and also (iii). on 
obtains } 
1; 
=1—4; 
l(y — 1)/2)].M 
M ec 
A) ( > ) i 
4 \y Re,.,s 
where 
amy -* (y — 1)(ho/6 } 
Aly) = i 
cy + 1) sy ( 
As anticipated, the same parameter (J/,1/(C; 


a) 


V Re,x)' 2/37 
sion for the increment in plate temperature in the r 


appears here as in Stewartson’s expres 


lated nonsteady flow problem. 


Now po* ~ (dh*/dx*).? ~ 1/ypo* 
l dpo* 2 l 2 l 
so that = — = — 
po* dys* 3 ys" 3y 


According to Eq. (4) the vorticity at the outer edge oi 


the boundary layer is given by the following expression 


5 Out 2 1 5p;* | F 
= \ 
un* Oy*/,; By — 1 Ws*u.*p.* 3 ¥¢ 


a constant independent of x,*. 
The extent to which the entropy jump 
at the shock wave is transported downstream in the 


generated 


inviscid flow is illustrated by the relation betweet 
Re,,« and Re,,x. 


shock-wave angle in Eq. (6 


By equating the expression for the 
with the result obtained 


by differentiating (iv), one finds 


Re, * cf, )4° VM \ C 
= 0.680 4 [y(y + 1)}27 | 

Re, ho /6S V Re 
' 

; ' 
in the strong interaction region, or Re,« ~ (Rey) | 


at a given Mach Number. In other words, over 


the plate surface the streamlines 


large portion of 
that enter the boundary layer have previously crossed 
the shock wave very near the leading edge 
For helium y = 5/3, 8B = 0.40, F 1.74, ¢; = 
reference | 


1.09, and (ho/6)) = 2.08 according to 


Therefore, 
[(6/u.*)(Ou*/Oy*) ]5 = 0.085 


t The value of ¢5 is taken to correspond toa velocity rat 


uo = 0.9990 in the zeroth-order solution 


whil 


V Ci 
expres 
the re 


‘dge of 


CSS1011 


erated 
in the 
twee! 
r the 


ained 
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| _ & \ Ey" 
; ] ts O.7 SoD 
2| AJ V Re,» 


1.50(M.V C/V Re,,«)*' 


4 Ie 4 
SO i 


Hammitt and Bogdonoff’ have measured induced 


pressures on an insulated flat surface in the Princeton 


helium-operated tunnel at 1/7. = 12 and Reynolds 
Numbers as low as + X 10% For these conditions 
C 0.25 

2 [(4 2)4/..2{ & 0.0950 

u a E95 

Ro,,« & 1670 


It should be noted that even for Re,.,. 10° the value 


of Re,.« 1S only S50. 
For air y = 1.40, 6 0.286, F = 1.88, ¢; = 3.99, 
and, according to reference 6, (/o/69) = 1.69. Therefore 


(6/u..*)(Ou*/Oy*) |, = 0.112 


M — 
J —= 1 — nu,” = 0.402 : °) 
V Re,« 


1.77(MaV/C)*3(Re,, 

12 and Re,,« = 4 X 104, C= 0.446 for an 
(T/[(y — 1)/2|M.4 = 

0.075, while 15 In this case Re,,« = 2,600. 

While these calculated effects on temperature and 

small, they are sufficient to cause ap- 

boundary-layer thickness and 


while Re, * 
For V/ = 
surface, and 


& 0.96. 


insulated 


velocity are 
preciable changes in 
induced pressure [Section (3)], and they represent 
the minimum possible influence of the leading-edge 


shock wave on the boundary layer. 


Flat Plate with Blunt Leading Edge 


In real life the leading-edge radius is always small 
but finite, and in many flows of technical interest the 
radius (or appropriate dimension normal to the flow) 
is much larger than the mean free path in the gas. 
In such cases a considerable portion of the mass that 
later enters the boundary layer crosses a near-normal 
detached shock wave at the leading edge.t An 
estimate of the maximum effect of a finite leading-edge 
radius on the boundary-layer flow is obtained by 
velocity) at the 


calculating the (and 


outer edge of the boundary layer on the assumption 


temperature 


that the flow has previously traversed a normal shock 


it the free-stream Mach Number and then undergone 


an isentropic expansion to the local pressure p;.f 


T Slip-tlow effects are expected to appear when the leading 
dge radius is small compared with the mean free path in the 
gas. The viscous layer thickness and effective body shape 
for a flat plate probably grow linearly with distance from the 
I as described approximately by Schaaf 


nie 
ding ¢ 


1 this case the plate leading edge is ‘‘effectively sharp’”’ so far 


gC it first, 
he boundary-layer flow far downstream is concerned. 

} Here we are interested primarily in the effect of the shock 
vave on the boundary layer and not in the inviscid pressure 
ilong the surface produced by the blunt leading 

weak interaction region particularly, this last 


distribution 
cage In the 


elect may 


ilso be quite important (see reference 8 
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In this case, the expression for 7; is given by Eq. (2 
with dh*/dx* replaced by unity, or, 

7; 2(2y)' 

[(y — 1)/2]Mn2 (vy + 1)"* M 


10 


When p, is approximated by fox, the first-order 7°; is 


expressed as 


Ta 
(y — 1)/2).M 
} M CY 
l u = — 0o(7 ( \ ) 1] 
i V Re, 
3 M 5 allies 
or ui? >1 —- 0) ( \ ©) (lla 
S V Re,» 
1/2f1+ii 
where 6:(y7) = (5.33)' = VEST ee 
(y + 1)" 2 
(4 Fr 
For helium 6@:(y) = 1.102 and ;7;'"/[(4 1)/2] X 





M2) = 0.826(M.V C/V Re,«)"”; for air 60(4 


j 
1.03 and ,73°"/[(y — 1)/2)M.7} & 0.770(.M/.VC- 
V Re,+)?"*6 In helium at J1/ 12 and Re,» 
1 X 104 (for example), }7s{"/[(y — 1)/2]M.?} = 0.20 


and u;‘) = 0.89. As expected, these effects are much 


larger than for the sharp leading edge. 


VELOCITY, AND 
BOUNDARY 


(3) EFFECT OF TEMPERATURE, 
VORTICITY AT OUTER EDGE OF 


LAYER ON INDUCED PRESSURI 


As suggested by Eq. (7), or Eqs. (11) and (lla 
the axial velocity and temperature in the boundary 
layer can be expressed as asymptotic series in the 
parameter (1/..V C/V Re,«)", and the 
of these series expansions are functions only of the 
To obtain the 


coeflicients 


nondimensional stream function ¢.7T 
first-order shock-wave effect on the boundary-layer 
thickness and induced pressure, in general one must 
solve two simultaneous ordinary differential equations 
for the velocity and stagnation enthalpy perturbations 
and apply the boundary conditions specified by Eq. 
(7), or Eqs. (S) and (lla). However, it is desirable 
an estimate first of the maximum possible 


The fact that [(6/u..*)(Ou*/Oy*) |; > 


to have 
first-order effect. 
0 while 14; < 1 means that the mass flux across the 
boundary layer is reduced and the boundary-layer 


are increased, as 


induced pressure 


thickness and 
compared with the original solution in which the 
entropy wake behind the shock wave is ignored. But 
this increase in induced pressure in turn tends to thin 
out the boundary layer. An estimate of the maximum 
first-order influence of the shock wave on the boundary 
layer is obtained by considering only the modifications 
in the boundary conditions at the outer edge of the 
boundary layer and ignoring the effect of the change 


ttk = 1 — 2/3y for the sharp leading edge and k = 1 — 1/y 
for the blunt leading edge 
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in induced pressure. In calculating the new boundary- 
layer thickness the velocity profile is approximated 
by a fourth-degree polynomial in proper coordinates, 
which is known to be a highly accurate representation 
for the case of negative pressure gradient. The 
induced pressure on the plate surface is then obtained 
from the new boundary-layer thickness by means 
of the tangent-wedge approximation connecting the 
pressure and the flow deflection 6; = (dé*/dx*) = 
(d6/dx*). 

From the definition of ¢ it follows that (d¢/dn) = 
[1/V 2p, ]pu, where » = y*Vu..*/v.*%*C. The 
normal distance parameter 7; in the equivalent low- 
speed flow is defined by the relation (df/dn,;) = u, 


l an 
so that 7 = Vp, /5 / Tdn;. 
5 —J () 


the change in induced pressure on the boundary-layer 


When the effect of 


thickness is ignored, the expression for this thickness 
is of the same form as in reference 4, with the Prandtl 
Number equal to unity, namely 


6 (Rex)! l (4/3)(y — 1) f(%B 7 
= - / (1 — u*)dn 
- Ly % Vy¥(yt+ 1) - 

(12) 


[see Eqs. (S) and (Sa) of reference 4]. Suppose that 
6 and the integral / for the average temperature across 
the boundary layer appearing in Eq. (12) are expressed 
as asymptotic series of the following form: 


6 _ VM [ ; - \ ) 
= §)C'/4 1+ 6 + 
x" (Re,«)1/4 V Re,« 


J = fa - hike, = 


M. ~ 
fo + ( : “) re | (13b) 
V Re, 


where 6o, 6), , and Jo, J, , are constants. Then 


by = (2/V 3) Vy — I/[y(y + DIV I 


where /) = F, and 6; = /; where /; is proportional to 
the coefficient of the first-order correction to u; given 
by Eq. (7) or Eq. (lla). 
From the oblique shock relations 
bs = (¥/2)(v7 + 1)M.7(d6*/dx*)? + 
Therefore 


for strong shocks. 


bs = pox[1 + pi(MaV C/V Re,w)* +...) (14) 


Il 


where po (3/S)[y¥(y + 1)]!2(y7 -— IF (14a) 
as before, and 


pi = 2[1 — (2/3)k]6, = 2[1 — (2/3)k] (14b) 


For the flat plate with a sharp leading edge, p,; = 
(2/3)[1 + (4/3y)]h, and for the blunt leading edge, 
pb, = (2/3)[1 + (2/y) Jh. 








In order to compute the integral / appearing jy 
Eq. (15b) the velocity profile in the equivalent oa 
in Z = (n;/ns,), where 7;, is the value of », corresponding 
to the outer edge of the boundary layer. This poly 
nomial satisfies the following boundary conditions 

At the plate surface (¢ = 0),u = 0. Also the curya 
ture of the velocity profile at the surface is the sany 
in the original ‘“‘similar solution’? when the effect oj 


the change in induced pressure is ignored—j, 


(d*u/dn,*)o = —(8B/2) = —(1/2)[(y — 1)/y] TE 
(7), reference 4]. Let 
(d°u/dz")y = ;,°(d*u/dn = Qa 
then a2 = —n:2[(y — 1)/4y] 
At the outer edge of the boundary layer (2 = 1), y 
1 — a, where 


a, = (3/8)0:(y) (VV C/V Re,» 
or = 3/86(7)(M.V C/V Re,«)! 


for the sharp leading edge [Eq. (7)] and for the blunt 
leading edge [Eq. (1la)], respectively. In both cases 
we take [(6/u.*)(Ou*/Oy*)]; = (1/3)(F/yé;) and 


(d*u/é2"),.4 = OF But 


| ” Tide 


(3 = RP (=) 
6 = 
Ov*]; T snis (6S cas 


so that (du/dz),-, = (2/37) (ni,/€s) a1 a 


to the first-order. 
A quartic satisfying these conditions is 


u= ; [2 — ae — (de 3)] — Jai} + aes" + |(2a 


| >) aoe if ») ] o sll 
— 05) “3 2a, |2 r sa T (9/9 - Qe} — ays 


and for this profile 
I) = F = ;,,0.418 — 0.019[(y — 1)/4y]}ni,7} (1a)l 
which determines the value of n , and 


9 
ad 


i = Xx 
R 
(1.165 — 0.019a2) + (2/3y)(n:./¢.)(0.298 — 0.008a2)] 
| 0.418 + 0.019a. J 
X A(y) or 62(7 5b 
+ Actually (d?u/dz?),.) ¥ 0, but the contribution made by the 


nonvanishing vorticity gradient to the integral J is even smaller 
than the contribution of the vorticity, which is itself small 
compared with the effect of the reduction in velocity m5 [see 
Eq. (15b) below]. 


t The term containing a,” is negligibly small and is therefore 


dropped. 
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Finally, the induced pressure distribution on the plate 


surface is determined from Eqs. (14) to (15b). 


For helium, 4 5/3, F = 1.74, 3 = 4.09, 0,, = 
63, 2.15; po = 0.92; pi = 1.68 for the sharp 
leading edge, and p; = 2.17 for the blunt leading edge. 
[Therefore 
0.92x 1.7(M.V C/V Rez)?” + | (16) 


for the sharp leading edge, and 
0.92x[1 + 2.2(M.V C/V Re,+)"® + ...] (17) 


for the blunt leading edge. In Fig. 2 the original 


result Ps 0.92x and the values of p; given by Eqs. 
16) and (17) for an insulated flat plate in helium are 
plotted against x for JJ. = 12 and M. = 143: 


The experimental values of induced pressure obtained 
by Hammitt? on an insulated flat surface in the Prince- 
ton helium tunnel are also shown in Fig. 2. The 
numerical magnitude of the shock-wave effect is 
appreciable for large x, and the results of the present 
approximate calculations encourage us to undertake 
, more careful theoretical and experimental study of 
the influence of the leading-edge region at hyper- 


sonic speeds. 


(4) CONCLUSIONS 


1) At hypersonic speeds the streamlines that enter 
the boundary layer at a station x,* have previously 
crossed the shock wave at a location x.* very near 
the leading edge, where the shock is strong and highly 
curved. For example, in the strong interaction region 
on a flat surface with a sharp leading edge (Re,,+ 
Re,«) ~ (MV C/V Re,,»)*8, or Re.» ~ (Re,,«)* 
ita given Mach Number. 

2) Because of (1), the temperature at the outer 
edge of the boundary layer is appreciably higher than 
the free-stream temperature, and the vorticity there 


isnot zero. The ratio }73/[(y — 1)/2]./.°} is found 
to be of order (17, V C/V Re,«)", where k = 1 — (2/3y) 
for a sharp leading edge, and k = 1 — (1/y) fora blunt 


leading edge, as approximated locally by a normal 
shock wave. For all real gases (1 < y < 5/3) this 
effect is much larger than the errors made in the usual 
boundary-layer theory. 

For the case of a sharp leading edge the (nondi- 
mensional) vorticity [(6/m..*)(Ou*/Oy*)]; at the outer 
edge of the boundary layer is a constant, independent 
of x,* 

3) An approximate calculation of the effects of 
shock-wave ‘‘heating’’ and vorticity on the laminar 
boundary-layer thickness and induced pressures in 
the strong interaction region shows that these effects 
ire also of order (17..V C/V Re,«)* and that their 
lumerical magnitude is appreciable at large x. 

1) The results of the present approximate cal- 
culation show that a careful theoretical and experi- 
mental study of the influence of the leading-edge region 


it hypersonic speeds is required. 
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Fic. 2. First-order effect of temperature rise and vorticity 


generated by leading-edge shock wave on induced pressures over 
insulated flat plate in helium. 
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APPENDIX 


Existence of Distinct Viscous and Inviscid Flow Regions 


At hypersonic speeds the shock wave is strong and 
highly curved near the leading edge, and large tempera- 
ture gradients are produced across the flow behind 
the shock. In such cases it is important to define 
the precise conditions under which the effects of 
viscosity and heat conductivity actually are confined 
to the ‘“‘boundary layer” and the interior of the shock 
wave itself, as assumed in the usual extension of 
Prandtl’s concept to high-speed flows. A convenient 
measure of these effects is the ratio of the rate at 
which heat is transported across streamlines by con- 
duction to the rate at which enthalpy is carried along 
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streamlines. As an illustration, the order of magnitude 
of this ratio is calculated for the simple case of a semi- 
infinite flat plate with a sharp leading edge in two 
regions of the supposedly inviscid, rotational flow: 
(1) just downstreain of the shock wave; (2) near 
the outer edge of the boundary layer proper. 

(1) Along the shock wave 7; ~ y® in the strong 


interaction region [Eq. (5)], and 
l O72 l 


oT: 21 
— = — pu 
T> oy* T> oy* 


3 y* 
therefore (O072/Oy*) = —(2/3)(pau..*/y*), and the 
rate of heat conduction across streamlines (per unit 


pu* 


volume) is 


* o*7"* ites k sai i * ** 


gy = —k : 
oy* y* 


ko*T.*M a! 


The rate at which enthalpy is carried along a streain- 
line is the sum of 


p*u*C,(O7T*/Ox*) and p*v*C,(07*/dy*) 


which is proportional o C,7..*p.*u.*MJ/..7[(h*)*- 
(x2*)*] at the shock Therefore the ratio 
| dy/[p*C,(dT*/dt*)]{ is proportional to (1/Pr)xX 
(\/..*/Re,.*). According to Eq. (9), Re.« ~ Re.« X 


(M..V C/V Re,,+)"", so that 


wave. 


M2 Mo? 7 (x \ ° 
Rex.» — Re,«(M.V C/V Re,,)*" V Re,.,+ 


Now k. Stewartson, R. F. Probstein, the present 
author, and others, have already shown that the rate 
of heat conduction in the flow direction, g,+, is of order 
(h*/x2*)? ~ (MV C/V Re,,*) compared to the rate 


of heat conduction across streamlines. It follows that 


qr M4 C 
p*C,(dT*/dt*) V Re,» 


and we conclude that the rotational flow just behind 
the shock wave is actually inviscid up to, but not 
including, terms of order (MV C/V Re,,+)?3. But 
the first-order effect of shock-wave heating and vor- 
ticity on the boundary layer is of order (7..1/C + 
V Re,,+)' 
which is larger than (V/V C/V Re,,«)? for all real 
To the first-order, then, it is 


for the sharp leading edge [Eq. (7)], 


gases (1 < y < 5/3). 
legitimate to disregard the effects of viscosity and 
conductivity in the rotational flow just behind the shock 
wave when computing the effect of the shock wave on 
However a _ second-order cal- 
the shock 


the boundary layer. 


culation of the influence of wave on the 


boundary layer would bring in terms of order 
(MoV C V Re,,+)"!! °/39))° which are smaller in order 
of magnitude than (17,V C/V Re,,«)?/*. | Viscous 


“corrections” to the external rotational flow must 


be considered in such a calculation, and the division 
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of the flow into distinct inviscid and viscous regions 
loses its meaning. 

(2) In the zero-order treatment of the strong inte 
action region in reference 4 there is a sharp divisjo, 
between the boundary layer and the external inyjso; 
flow. The first-order calculation of the present pap 


shows that 7; ~ M,?(M.V C/V Re,» , and 


s 7” 6 Ou" 
2 = —(7 — 1)M,° 
7 * oy* P Ml * Ov* 


const. xX 


sow 


[Eqs. (7) and (S)]. These results imply that a “super 
layer,’ or “entropy layer,’ exists at the outer edge 

the boundary layer, within which the temperatur 
drops rapidly and the order of magnitude of th 
thickness 6’ of this superlayer is given by (6’/5) ~ 
(M..vV C/W Re,,..)'~?"* 
the ratio }g,/[p*C,(d7T*/dt*)]j in this layer. At th 


It is ilteresting to calculat 


outer edge of the boundary layer 
i of” 2 Uan*p; 
o~ = 
Ls Oy" 


Since the variation across the streamlines 


is negligible there, one finds that 


pressure 


l oT? 2 Uu *2 505 
~~ 
T.* dy* 37 (vs* 


¥ 


—(2/3y)Cka*T .*(u.*)2[p52/(¥ 


dy = 


The order of magnitude of p*C,(d7*/dt) is given by 


—T o*po*ta*Cy(p37s/%1*) [1 — (2/34 
By utilizing the relation 
ys" = (p3/2)(uo*v. *x"*C)k; 


one obtains the result that 


qu ( 1 | 
pC aT” dt*) 7 37 - 2) Pr &s 


5/3 and ¢; = 4.09, and this rati 


) 


For helium gas y = 
is about 0.10. In other words, the rate of heat con 
duction across streamlines is of the same order as the 
rate at which enthalpy is carried along streamlines 
but much smaller numerically. Of course this ratu 
decreases very rapidly with distance froin the surface 
because the value of ¢ (i.e., mass flux between plate 
surface and y-location) about doubles its value in going 
across the ‘‘superlayer.”’ 

In the approximate calculation of the present pape! 
the boundary-layer flow and the external rotational 
flow are ‘“‘joined’’ by requiring that the velocity (0 
temperature) and velocity gradient should be con 
tinuous at the outer edge and equal to their “inviscid 
flow’ values. This calculation overestimate 
the effects of shock-wave heating and vorticity, but 
the small value of the ratio [g,/p*C,(d7*/dt* | at the 
outer edge of the boundary layer obtained above 
suggests that the errors from this source are small 


must 


(Continued on page 612 
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Bending of Rectangular Plate with Clamped 
Edges 


ning See Wu 

Graduate Student, 
James Fevcesial Rese 

December 15, 1955 


’ | ‘HE PROBLEM OF clamped edged rectangular plate was one of 
the most famous classical problems in the theory of elas 


ippe ired In 


Der artment of Aeror autical Engineer 
earch Center, Princeton University 


ticity Even now no simple exact solution has 


general, the simplest way to treat a rectangular plate problem is 


to use the Fourier series. However, it is helpful only in the case 


of a simply supported plate because the boundary conditions of 


a Clamped-edge plate will not allow the Fourier series to express 
the deflection function directly 
idea of 


very simple 


The following solution is found based on the similar 


superposition. The method of solution is, however, 


From the known solution of a simply supported rectangular plate 














given by Navier, in which the deflection function w is 
© 
> 
j 
& 
Be 
——e ae aa 
1 
y 
l6ga* SS Sin(max/a) sin (ny 
7D — Gut m= + d2n?)2 0M 
D = flexural rigidity 
mn = l, 3, 5 
q(x, ¥y) = load per unit area 
A = a/t 


a new deflection function w can be constructed in such a way that 


an algebraic binomial function is added to each term of the sine 


series. Thus, the final form is 
l a? miawx 
pk . ioe * sin + (x? — ax 

D a_i | io, ? J 

b2 omy 7 
sin - — (94 y l 
wT f) 
( ) , 1.3.5 
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Obviously, the deflection w will satisfy the following boundary 
conditions: 


Otw , Ore oO g(x, ? 
w(0, ¥ ao wa, y) = 0 Oxt Ox? Oy? Cy D 
(Ow/OX)x=0 = O (Ow/O¥Y)y=0 = OU : ‘ ; ‘ : 
c=a y=b Substituting Eq. (1) into (2 
52 a 4 
T i _ mrx 2 omy 2 _ mnrx 
S* ¥* Amn m sin sin-——~ + (7? — by + >: 1 — m7 sin +2) xX 
pe = = a nT b Se a 
m n m n 
_ nny n az | mmx _ nry 
—n7 sin + 2) + + a J sin + (x? — ax n® sin 
h Db? —~ mr ( i 
m n 
The algebraic terms can be expanded into sine series 
73 : marx | b? nTry r? cz m marx nry 
- 7. y A,,,m?3 sin sin = + (y’2? — by) | = 2 ‘2 Amn sin sin — 
Da? = a nT b Die = n a b 
m on m on 
Ss m minx 
, bh a Be 
: sin 
Vp a a ae n ; 
2 max nry 23? marx NTy 
+ A — m7 sin + 2 —nx sin — +2] = — * A mn sin sin — 
DoH &— a h DB => a ) 
” n m n . 
16 2 m minx nry 16 n marx nry 128 2 marx 
pe IP ioe sit si oe ee he sin sin — + ee As sin 
D— n a h Do — +o m a h rip mm Le mn ; 
mon —s m Nn m n 1 
13 ; a? | omrx : _ nmry i ae nF C. nue . nowy 
= i hb z. roe sin + (x* — ax tom = : > A sin sin sin - 
Dp <— mor a b D m a a 
m n m ) 
S\? n mM 1X 
. >" i 1, " Sin 
D—+— a m , 
q(x, 3 l ys B _ mrx , nny 
= mn Sin mn 
D D bad Lod a h 
m Nn 


If g(x, y) is given, B,,, can be determined immediately Substituting Eqs. (4), (5), (6), and (7) into (3), we find 


coefficients A m» 


The deflection function must also satisfy the gover 


sin 


1? m n* 8 fm 2m)? n® 2n 128 l 
Ae ( bn eo vb ( we — sa: 4 4 SSH 4. B, 
A? n m A? \n n — ml mr2] = gt Sad Sot mn 
7 7 S 
Eq. (8) can be simplified by multiplying both sides mn \?/7? 
8 ms 2 8 ni 2n? 128," * 
Ann (m? + dIn2)? — ( ; 2n'n?) a m( t ae 2 we ee 
r- n* =: m2 2 — 4 had heed - 
I 1 S 
From Eq. (9) we can solve for A,,,. The number of terms of the series we want to consider depends upon how accurate a soluti 


sire After A,,, has been determined, the deflection at any point on the plate can be found from Eq. (1 The bending m« 


calculated from the following relations 


O*w O7u 
Vv. = -D = of 9 
Ox- oy" 
= j P MAX oo .. Sry ; | a° . max [ nN 
= —S° S° Amn 4] — mz sin = ue sin ryt — oF + vy | sin t (x? — ax ] —n7 sin 
—_ ! a nT D | L Mia a L f 
m n = 
O*w O*w 
2. = = 2 - - » ; 
Oy- Ox" 
. jj a? marx . nry max . n7ry 
=— 2. S Aen 3 sin + (x? — ax — mr sin —+— 2 + v| — mm sin + 2 sin — + (¥ 
- = ! m1 a | ) a nT 


v is Poisson’s ratio 
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ng equat 
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READERS’ 


Comments on ‘‘Computation of Vibration 
Modes and Frequencies”’ 





Jeact ha g Section, Cornell Aeronautica 
pe b talo N 4 
DECEMBER 1955 issue of the JOURNAL OF THE AERONAU- 


THE 
| ICAL ScrENCES, W. F. Cahill and S. Levy describe a method 
ibration modes and frequencies and show an 
ple of some results. However, I believe they omitted one 
t important parts of any article on digital computing 
There was no discussion of the errors involved in the 


means used to minimize these errors. Too 


nd of the 
ve fallen into the trap of using, blindly, computing 


ds t have seen published and believing the results 
ut by some automatic computing machine. These auto- 


mputing devices are nowhere near being ‘Giant Brains,’ 


kind of brains, and will not interpret their answers except 
1 1 interpretation is specifically programmed into them 
In performing matrix calculations of the kinds involved in the 
ct article, round-off errors pile up quite rapidly, and unless 
re number of figures is carried in the arithmetic, the final 


iy end up with two, one, or even no significant figures 





ten decimal digit arithmetic in performing similar calcu 
ns to determine vibration modes and frequencies for pro 
s, we have had difficulty in going beyond the third, or some 
es even beyond the second, mode without resorting to special 
mputational tricks 
would like to have the authors’ comments on the arithmetic 
used, the errors involved, any special means they used to 
rrors, how they kept track of their errors so they'd 
w how many significant figures were involved in their results, 
i how the method they proposed compares computationally 
with other methods that might be used 
rhe presentation of a method for doing something without an 
mpanying warning as to its limitations can be very mis 





ding. Similarly, the presentation of tabulated results without 
statement of the accuracy to be expected implies that all the 
figures printed are significant, which I am certain is not the cas¢ 


lable 1 of this paper 


Authors’ Reply 


Although the paper does point out at several places the use of 
eck columns to indicate computation errors of the machine, 
Mr. Feign may be correct in indicating that this is not sufficiently 
Phe methods, of course, are the results of long ex 
rience in machine computation and are in general use by com 
putation laboratories 
With regard to Table 1, the iteration method used first con 
verges to the lowest frequency mode, mode 1, which is the mode 
rresponding to the highest characteristic root of the matrix 
The method makes use of orthogonality relationships to obtain 
nvergence to modes 2, 3, et The iteration cycle in each case 
ntinued until there was no change in the least significant figure 
lhe results for higher modes are therefore accurate except for 
the possible build-up of rounding off errors of lower modes in a 
ngle cycle of iteration. Since the convergence varies inversely 
the frequency squared, one might expect the number of sig 
nificant figures in mode 6 of Table 1 to be 2 less [(399.850/41.971 
~ 100] than for mode 1 
nt that this method would give poor accuracy for 





ry high frequency modes. Since these are not ordinarily of 
structural significance, it is not a serious drawback to use of the 
me instances, mode computations have been based 
stiffness influence coefficients rather than the flexibility in- 


mn efficients indicated in the paper. Where this is done, 


situation 1s reversed, and the high-frequency modes are 


iccuracy while the low-frequency modes are of poorer 
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Approximate Analysis of the Reduction in 
Torsional Rigidity and of the Torsional 
Buckling of Solid Wings Under Thermal 
Stresses 





N. J. Hof 
Head, Department of Aeronaut Engineering and Applied 
Mechanics, Polytechnic Institute of B klyn, B klyn, NLY 


January 2, 1956 


I’ THE SOLID WING of rectangular plan form shown in Fig. 1 is 
heated uniformly with x, uniformly through the thickness 


thermal stresses developing in it can 





but nonuniformly with y, th 
be calculated by elementary methods! if the aspect ratio a/h is 
large. These thermal stresses oz of the wing of infinite aspect 
ratio are modified near the free edges a ta because there 
oz must vanish, but the region in which these modifications are 
important is small when the aspect ratio is large In the present 
approximate analysis, this edge effect will be disregarded, and the 
o; distribution will be assumed the same in every cross section 
of the wing. This implies that fictitious edge loads he, have to 
be assumed to act on the edges x ra The thermal stresses 
o, = Rf(y) are shown in the figure; all other thermal stress com 
ponents are assumed to be zero 

the plane of the wing 


The displacements perpendicular to 


will be assumed as 
RXY l 
when the wing buckles under the thermal stresses rhis is a 


simple torsional deformation with an angle of twist 


¢ ky 2 

If the torsional rigidity of the wing section is GC, the strain 
energy l’ stored in the wing is 

U = (1/2) GC (d¢g/dx )? (2a k*a G6 3 


e distance between the 


The second-order small shortening of tl 
end points 2 —aand x = a of any fiber is 
and thus the work done by the fictitious edge forces during 


buckling is 
W ho, Aa dy k?Ra I 5 


where / is the second moment of the area of the edge force h o,/R, 


eh 
[= | hy*f(y)d 6 
b 


« 


Here the stress o, is considered positive if compressive 
The effective torsional rigidity of the wing is 


GC, U — W)/k?a GC — RI ‘ 


and the wing buckles when GC vanishes. Hence, the critical 
value of the coefficient RX in the expression for the thermal stress 
of the wing of infinite aspect ratio is 


R GC/I 8 











- a -- a - 


FIG SOLID WING AND THERMAL STRESS DISTRIBUTION 
N ITS MIDSECTION 
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In particular, when the wing section is a solid rectangle with a 


small constant depth /, the torsional rigidity is 
GCrect. = (2/3)h*bG 9 


and the critical value of R becomes 
eh 
Rer. rect. = (2/3)h7bG | yf(yidy 10 
je b 


When the wing is rigidly fixed at x = 0, additional constraints 
ire present which increase the critical value of R. This effect, 
just as the effect of the free edges, should be small when the aspect 


ratio is large 


ADDENDUM 


After this Readers’ Forum item was accepted for publication, 
the author became aware that Bernard Budiansky and J. Mayers 
had derived, with the aid of a different method of analysis, a 
formula essentially the same as the one given here as Eq. 7. The 
formula is contained in the excellent paper /nfluence of Aero- 
dynamic Heating on the Effective Torsional Stiffness of Thin 
Wings, preprinted for the Twenty-Fourth Annual Meeting of the 
IAS, January 23-25, 1956, as Sherman M. Fairchild Publication 
Fund Preprint No. 579. The same formula is also presented, but 
without proof, by John Duberg in High Temperature Structural 
Research at the National Advisory Committee for Aeronautics on 
p. 230 in ‘Proceedings of the Conference on High-Speed Aero- 
nauties,’’ Polytechnic Institute of Brooklyn, 1955 
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Boundary-Layer Effect on Local Mach Number 
Measurements on a Circular Arc Half Profile* 


James B. Carroll t and Gordon F. Andersont 
Division of Engineering, Brown University, Providence, R./ 
October 31, 1955 


I ONE DESIRES to calculate the Mach Number at a point on a 
body suspended in the free stream of a wind tunnel, the 
usual procedure is to neglect pressure gradients through the 
boundary layer. Then, by measuring the free-stream stagna 
tion pressure and the static pressure at the point on the surface 
of the body, one can calculate the Mach Number at the point 
This procedure is valid only if the boundary layer is thin, which 
is the case if the body is suspended in the free stream. One 
must realize that the Mach Number one calculates is not the 
actual Mach Number on the surface of the body which is, of 
course, zero, but is the Mach Number at a point outside of the 
boundary layer above the actual point on the body. For thin 
boundary layers this difference is small and is neglected, but where 
the layer is thick the error can be large. 

If one now considers the case of the body mounted on the wall 
of the tunnel, one sees at once that the boundary layer, starting 
its growth upstream of the model, is of appreciable thickness by 
the time it passes over the model. The assumption of a thin 
boundary layer obviously cannot be made, and pressure gradients 
must be accounted for in the calculation of the local Mach 
Number. 

An experimental study performed at Brown University’s Aero 
dynamics Research Laboratory is presented here to illustrate 


* This work was sponsored by the Office of Scientific Research of the Air 
Research and Development Command and performed under Contract AF 
18(600)-664 

t Now, Research Dept., United Aircraft Corp., East Hartford, Conn 


¢t Research Associate 
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2 
INCHES FROM LEADING EDGE OF MODEL 
MODEL 


Fic. 1 Apparent local Mach Number calculated by neglect 


ing | 
arc 





»yressure gradients through the boundary layer over a circular 
half profile. Span = 9 in., chord = 2.5 in., thickness rati 


= 10) per cent 


some of the points in the above discussion. Fig. 1 shows a s 


drawing of the model below the abscissa and the plot of the appar 


ent Mach Number distributions over the profile for several free 


stream Mach Numbers ranging from 0.80 to 0.90. These loca 


Mac 


and 


h Numbers were calculated from surface static pressures 


the free-stream stagnation pressure It is to be noted that 


for free-stream Mach Numbers of 0.83 and above, there seems t 
exist a supersonic region about the point of maximum thickness 
of the profile. The data also show no indication of a shock wave 


up to a free-stream Mach Number of 0.86. This indicates that 


there apparently exists an isentropic or symmetrical supersoni 


regic 


1 such as described in reference 1 
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Fic. 2. Vertical Mach Number distributions at the location of 


the maximum thickness of the profile 
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Fics. 3-5 Mach Number field about the point of maximum thickness of a circular arc half profile 
> The results of static- and stagnation-pressure measurements where 
ken in a vertical plane at the maximum thickness of the profile | = moment of inertia about 4 
shown in Fig. 2. These were made at free-stream Mach ( = moment of inertia about 
Numbers of 0.85, 0.86, and 0.87, since in this range the shock E = product of inertia with respect to a 
ve first appears. One observes at once that at a free-stream Wr, @; = angular velocity components along x and 
JEL ' Mach Number of 0.85 the flow is still subsonic, in contradiction and Ty may be considered an error torque since it involves no 
| to the indications of Fig. 1. The dashed curves represent the functional input 
a Mach Number variation if one neglects the stagnation-pressure Consider a rotational oscillation of the supporting frame wit! 
neglect gradient rhe point on the axis is the Mach Number as calcu amplitude @) and frequency w, about the axis a, shown in Fig. | 
i circular lated from the surface pressure and the free-stream stagnation Then 
1€SS rati pressure. One sees that at a free-stream Mach Number of sy. it sill ai id ina 9 
).85 an error of 6 per cent is made in the calculation of the maxi : 
mum Mach Number, if one neglects the pressure gradients wr = why COS wi Sin a {od 
S a scale Figs. 3, 4, and 5 are plots of the Mach Number field in the Substituting Eqs. 2 and 3 into Eq. 1 and retaining only the 
1¢ appar neighborhood of the maximum thickness for Mach Numbers of steady component of 7, 
ral free 0.85, 0.86, and 0.87. These figures show the progressive non- . 7 : - 
ese local S netrical nature of the supersonic region. Since the local lg= A-¢ t}o%0e" sin 2a — (£/2) wy? cos 2a . 
TeSSUTES Mach Number is so close to 1, shock waves would be too difficult If either: yz or yx is a plane of symmetry, & vanishes 
ted that to detect by the measurement of pressure differences. However, When a gyro rotor is added to the inertial element, spinning 
seems te the nonsymmetrical form of the constant Mach Number lines ibout an axis parallel to z, A includes the inertia of the rotor 
hickness loes indicate their presence about axis x, but C should not include the inertia of the rotor 
ck wave ! ; about the spin axis.2, A conventional floated gyro would then 
swe thes REFERENCE 
ersonik Michel, R., Marchand, F., and Le Gallo, J., Etude Des Ecoulements Trans 
Autour Des Profiles Lenticulaires A Incidence Nuille, Office National 
l'Etudes et de Researches Aeronautiques, Pub. No. 65, 1953 ry y 
+ 
| Rotational Vibration Response of Inertial 
— i Instruments 
Bernard H. Wallach 
taff Engineer, Kearfott Co., Inc.. Clifton, NJ 
anuary 5, 195¢ 
- INSTRUMENTS employing rotational inertial elements 
such as linear and angular accelerometers —and single degree 
4 freedom gyros, rotational vibration of the supporting trame 
— may induce steady torque about the output axis. Such torque 
corresponds to spurious input and results in steady error 
Referring to Fig. 1, the inertial element is capable of rotation ~ 
with respect to the supporting frame about the output (y) axis 
ol a set a P ittached to the inertial element Considering x 
rotational vibration of the supporting frame only, the classical 
juation lor torque about the y axis contains the following angu- Z 
lar velocity product terms 
7 Ty A — Chwrw; + E(wz? — w2? (1 
M 
yn of i * Now, Head of Analysis, United States Time Corp., 500 Fifth Ave a 


Fic. | 
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have an A-C approximating the moment of inertia of the rotor 
about an axis through its ¢.g. normal to the spin axis 
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Energy Dissipation in Turbulent Boundary 
Layers 


Itiro Tani 

Institute of Science and Technology, University of Tokyo, Komaba, 
Meguroku, Tokyo, Japan 

January 9, 1956 


M”" OF THE EXISTING mnethods of calculating two-dimensional 
incompressible turbulent boundary layers are based on the 
use of two integral forms of the boundary-layer equations 


These are the momentum equation 
(d/dx) (U6) + 6*U(dU/dx) = 10/p (1) 


and the energy equation 


d ; or Ou 
U%9*) = 2 dy (2 


( 
dx poy 


respectively, where x is the distance parallel to the wall, y the 
distance normal to the wall, « the velocity component in the 
direction of x, U the velocity outside the boundary layer, p the 
density, 7 the shearing stress, 7) the shearing stress at the wall, 
6 the thickness of the boundary layer, and 6*, 6, and @* are the 
displacement thickness, momentum thickness, and energy thick- 
ness of the boundary layer, respectively. Solution of Eqs. (1) 
and (2) requires the assumption of a single-parameter family of 
velocity profiles and the knowledge of the nondimensional co 


efficients of wall shearing stress 7o/pU? and energy dissipation 


 ¢ » (‘ ) 
oe , Vay (3 
Fé pl? ov l ‘ 


In most of the recent papers,'~* there is a general agreement 
on the use of the ratio H = 6*/6 for the profile parameter and the 


Ludwieg-Tillmann formula‘ 
7o/pU? = 0.123 XK 10~°*84 x Rg 0-268 (4) 


for the wall shearing stress, where Rg = U@/v is the local Reynolds 
Number. However, less common agreement has been found on 
the coefficient of energy dissipation e 
only on H and Rg and by adjusting the result to fit the measure- 
ment of Schubauer and Klebanoff,> Rotta® has determined e for 
a range of values of H and Rg, the effect of H being found to 


be rather small. Some doubts arise, however, because the 


By assuming e to depend 


evaluation is based on a single experiment and, moreover, the 
wall shearing stress as found in this experiment is known to be too 
high. 

Elimination of d6/dx between Eqs. (1) and (2) gives 


dH ( 7 ) dH dH 6 dU ; 
@— = [| 2e — G— + (H -—1)G (5) 
dx pU?} dG dG Udx 
where G = 6*/9 and is considered as a function of H according to 
the single-parameter representation of velocity profiles with H 
as the parameter. Schuh? assumed e/(79/pl) to depend on H 
and (6/U) (dU/dx)R,°? and brought the equation for dH /dx 
into a form which allows the coefficients in the equation to be 
determined directly from available experiments—not necessarily 
the experiments in which the distribution of shearing stress was 
measured. As a matter of fact, a similar procedure had already 
been made by Rubert and Persh,’ who evaluated e by solution 
of Eq. (5) for experimental values of H, 6, Re, and dU’/dx. The 
correlation thus obtained can be expressed in the form 
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Fic. 1. 
e =A — B(6/U) (dU /dx f 
for values of (6/ U’) (dU /dx) between 0 and —0.004, where 
A = (10/pU?) [(6H(H — 0.3) — 0.2]/(3H 1)? 7 
B = A/l1360(/H — 1.25)953 — 970) \ 


for values of H between 1.28 and 2. The result seems to support 
the assumption made by Schuh. It must be admitted, ho 
ever, that the experimental material is too scanty to justify tl 
assumption. 

The purpose of this note is to present a new method of eval 
ating e from a different point of view 

It is well-known that the effect of Reynolds Number on t 
velocity profile is almost unnoticeable if (U — u)/Vr 
plotted against y/é6. The so-called ‘‘velocity-defect law,” first 
announced in this form by von Karman for pipe flows, has beer 
demonstrated by Schultz-Grunow® to hold for the boundary 
layers with zero pressure gradient and later by Rotta® for the 
more general case of boundary layers with arbitrary pressuré 
gradient It has also been shown by Rotta that, for certai 
pressure distributions, the boundary-layer equations have “simi 
lar solutions” in which the velocity profiles at each section 
identical when (U — u)/V 70/p is plotted against y/6. Quite 
recently, the prediction was verified by a remarkable experiment 
of Clauser,® who called the similar profile an “equilibrium pro- 
file.”’ 

The area under the curve of the ordinate (U — u)/V1r 
equal to unity, if oy/6* is taken as abscissa instead of y/6, where 
o = \ T\ pl 2 


file is then defined by 


The parameter characterizing the velocity pro- 


which is independent of Reynolds Number, depending only ¢ 
the pressure distribution. For example, J; has the value 6.1 


nt he 


for the boundary layer with zero pressure gradient I 
tomary parameters are given by 


H = 1/(1 — ho) 


iy U — u\3 ov ; 
where I = d : 11 
a Ee j 5* 


and is a function of J; only, as shown in Fig. 3 of reference 6 


Consider now the boundary layer in which the velocity prot 
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hat is, the parameter I preserves a constant REFERENCES 
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a s functions of 7/, the explicit effect of Rg is very small This is 
24 due to the very slight effect of Rg on the relation between H and 
The approximate formulas which, for values of H between + 
12 and 2.4 and Rg between 10% and 10°, yield values differing less 
in 0.4 per cent from those given by Eqs. (14) and (15) are 





. P , Effect of Radioactivity and Corona Discharge 
(H — 1 sas . 
| 176 — 0.465 H + 0.504 16 on Flame Stabilization 


H 


here 









7 B=(H-1 E 790 — 0.675H + 0.742 22" | (a7 Morton Mitchner and Robert A. Gross 

‘ = ai [ ; H Arthur D. Little, Inc., Cambridge, Mass and Fairchild Engine 

, Division, Deer Park, L. |., N.Y., Respectively 

In Figs. 1 and 2, moreover, the empirical values given by Eqs January 14, 1956 

to support 7) and (8) are shown by dotted lines for comparison with the 
ited, hos calculated results. The agreement is excellent for A; it is not 6 baw NOTE SUMMARIZES some previously unreported and pet 
—" so good for B but tolerable haps unique experimental results obtained in exploratory 
\ of ent The result of this calculation seems to be noteworthy on three studies carried out at the Harvard Combustion Laboratory 

is nts. First, it supports Schuh’s assumption for energy dissipa- during the summer of 1952. Flame stabilization mechanisms 

tion. Second, it demonstrates the usefulness of the similarity have been the thesis of many recent investigations in the field 

_f iption in that the calculated values of energy dissipation of combustion aerodynamics. The work by Zukowski! at the 
: " ire in fair agreement with those deduced from experiments hav- Jet Propulsion Laboratory recently shed some light on the mec! 
rid Mi } ing no such similarity rhird, the single-parameter representa- anism of bluff body flame stabilization while the work of on 
, has ra tion of velocity profiles of the form of “velocity-defect law” dis of the present authors? attempted to gain some insight into the 
boundary penses with the knowledge of the coefficient of energy dissipa interaction of a flame front with a laminar boundary layer 


What would happen if a flat plate flame holder emitted cold 


a® for the ; . ; 
tion, for which a separate assumption has so far been required 

Pressunt electrons and radioactive particles into a premixed combustibk 

© Certalr mixture? Would this significantly affect the initial chemical 

ive ‘sim chain reactions and manifest itself by a change in the blowoff 


10° : characteristics of such a flat plate flame holder? In an attempt 
| to obtain a qualitative answer to this question, the authors 
placed a thin flat plate in the Harvard Combustion Tunnel and 


ection are 





6. Quite 
‘periment 
Plum pro- carefully obtained its blowoff characteristic rhe plate wa 


iligned in the direction of the flow and the flame was stabilized 
in the laminar boundary layer Fig. 1 indicates the general 
arrangement The blowoff curve for a thin (0.020 in. thick 


steel plate is a function of air-fuel ratio, and a typical such curve 





city pro- 
is shown in Fig. 2. All tests were carried out using propane-air 
; proj 


mixtures as the reactants 


Empirical The plate was made radioactive by bombardment in the 




















Q 
Harvard cyclotron. For one set of experiments, the beam was 
ee concentrated on the plat leading edge while another set of « xperl 
cine 03 ments had the trailing edge (where the flame entered the boundary 
The layer) radioactive. A crude measure of the intensity of radi 
ation was made just prior to the “hot” plate being installed in 
the combustion tunnel, and another measurement made after 

1 the blowoff data were obtained Typical radiation data ar¢ 
follows: 3efore test (9:30 a.m.), 20 milliroentgen per hour, 
7 ft. from plate; after test (10:30 a.m.), 20 milliroentgen pert 
1] 10 = hour, 3 ft. from plate This amount of radiation is equivalent 
2 1.6 2:0 2.4 to about 2 X 10° disintegrations per min., but this includes, of 
6 H course, particles being emitted into the plate as well as out into 

Fic. 2 the boundary layer 


Vv profile 
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Fic. 1. Radioactive plate flame holder arrangement 


The results of these radioactive flat plate blowoff tests forced 
the authors to conclude that at this level of radiation, at least, 
there were no significant macroscopic effects noted 

While brooding over this rather disappointing negative result, 
the authors were led to another approach suggested by Pro 
fessor W. Batteau of Harvard. Why not really affect the com 
bustion wave with different particles and molecules and more 
energy by having an electric corona discharge from the plate 
trailing edge? Out of curiosity more than carefully calculated 
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scientific approach, a Tesla coil was wound and placed jn ger 
with a commercial diathermy machine. This produced a na 
nal voltage of about 25,000 volts at about 1 k A thi 
plate was electrically insulated from the combustion tunnel y 
and placed at this voltage. Corona discharge occurred at s 
places along the trailing edge of the plate when only air 
flowing by the plate The air corona distribution was 


of local voltage gradients caused by very small lox 
elements along the trailing edge As soon as a co! 


ture flowed by the plate, the corona usually caus: 





the flame stabilized itself all along the trailing edge of the plat 

The corona distribution changed once combustion had star 
and now formed quite evenly spaced (along trailing edg 
charges into the products of combustion. It is suspected t 
the ions in the combustion zone had a marked influence y 
this remarkable even spacing of the corona 


The corona discharge had a significant effect on the blo 


characteristics of a flat plate. Typical data at 00 watts 
shown in Fig. 2. The voltage was determined by the sphere-g 
sparkover method The results were sometimes rather errat 
depending upon the voltage and power being supplied to t 
plate. The corona act somewhat as point-type continu 
pilots for the flame. In some blowoff experiments, the 


corona along the plate trailing edge would, one by one, loos 
their flame until finally the flame would be “hanging on 
the plate, anchored by one large central corona. It was ir 
possible to blow the flame off the plate under this conditi 
Within the velocity range capacity of the tunnel (about 
ft./sec. maximum) and this with a plate whose normal blo 
maximum was of the order of 50 ft. /sec In Fig. 2, only t 


“clean” blowoff data are presented, and the occasional larg 


Although these experiments did not yield any further insight 


into fundamental combustion aerodynamics, they did point out 


some interesting phenomena which may one day find applicatior 


and eventual understanding 
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Column Instability of Pressurized Tubes 


Felix E. Nagel 
Douglas Aircraft Company, Inc., Tulsa, Okla 
January 16, 1956 


— INSTABILITY of a pressurized tube may be visualized by 
analogy to a tube filled with balls as shown in Fig. 1. 1 
allowable compressive load depends on the bending stiffness 
the tube to stabilize the column formed by the balls. The t 
has no axial load. Fig. 2 shows a tube simply supported 
intervals L in the buckled-out state We also consider a sing! 
bay of length L (Fig. 3 

Let p and A denote pressure and area of the fluid column ms! 


of the tube, respectively. We obtain 


dy dy 
Shear load,=9 = p A ( 4 =p i(¢ 
dx x 0 aX 


For an element of tube length Ax, the fluid pressure causes a! 


d Vv d*y a "4 
wAx=-—-pAA—- =-pA Ax; w= a 
dx dx? ax" 


gives 


The external load acting to the left of a cross section 


moment 
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dats Laboratory, NACA, Langley Field, Va 
mly air }o> January 16, 195é 
| rough INTRODUCTION 
ustib] > 
eee / HERE HAVE RECENTLY arisen some questions to the 
ignitior | be ; : ; : 
oe | possibility of panel flutter at high dynamic pressures and 
eae = -— | Mach Numbers. In addition, some doubts have been raised 
d star about the convergence of the Galerkin method when applied t 
y edge) such problems. This note is intended to shed light on these 
pected matters 
uence | a 
| AN 
the blo — Consider a two-dimensional simply yported panel of length 
) watts / and thickness /# with air flowing above at supersonic Mach 
sphere-g Number ./ in the positive x-direction. The differential equation 
er ert i | of motion is 
; O*x Oru O° 
High column load Low column load D + P ton p(x, f 
its eae : , as : Ox Ox Ot? 
the many Fic. 1 Column of spherical balls stabilized by tube | 
one, | On% 
, 0 | Of (i | 
- OX OX 
l Was 
condi In Eq. 1, Dis the plate stiffness Eh’; 12(1 — w*), P isan applied 
stint compressive load per unit width, m is the mass per unit area of 
. 1 
i the panel, and p, is the aerodynamic pressure rhe exact « 
only pression for p, within the framework of linearized supersoni 
onal flow theory has been derived by Miles® for oscillating motior 
mitted however, his expression is too complicated for our purposes here 
ar deal Experience has shown that for Mach Numbers greater than 
point about 1.6 and for normal air and material densities, the reduced 
pplicatior frequencies at flutter are so low that the “‘static’’ approximation 
of Haves‘ vields answers that agree well with the predictions of 
more refined expressions. Therefore, we let 
Pax, f —(2g/8) (Ow/Or 2 
H 9. C where g is the dynamic pressure and 8 V M?—1. Eq. 1 then 
becomes 
n, p. 288 f= =“ a 
i 2g Ou re) 
| Las L iis D + Pp - + 0 ; 
. p Ox* Ox- 3 OX ol 
Fic. 38. Foree balance on pressurized open tube 
If the substitutions 
w = Rejwe'| 
= ay x: » os be 
VW pa : ‘x- J w(t — x) dx _— 
ax fi ) 
are made, we get 
moment parameter becomes I } 
; wi + Rw! + raw’ — k2w = 0 } 
i Vi dy < {lw r \ w(0) = w(0 1 vd 0 
iT “s "les dx 
] ' b p/p 
oes a J pA L where R = Pl?/D = 2% P/P; 


nN 2q/*/8D 
ed by ar t fs k =0/VD/n 


LT [ (2) a. dy ae — - | wr : | | 
ffness of 1] dxJo L L. dx? rhe parameter R is equal to x? when P equals the Euler load 
"he tH ox gay 4 ‘cli > es Py,, and the frequency coefficient kis equ il to (mx)? (n 1, 2, 3, 
wrted : : dx = a | L . -—¢ (2 at the in-vacuo natural frequencies of the simply supported 

‘ : L dx J dv? L L plate. Note that the dynamic pressure parameter \ contains 


a singl 


ill the aerodynamic effects; the mass ratio 1s absent by virtue of 


— the approximation to the air forces (Eq. 2 
1T] 2aiS2 . 12, j . - . aia, ' one ° 
, YX ay. dy ] x ayx 3 The characteristic equation for Eq. 4 is 
I a = cf = —_ 
y ] a. } y ; 
, J J aK i dx L ! rit Rr2>+ rr — b 0 5 
. g Ke id using sign conventions of Fig. 3, Examination of the behavior of Eq. 5 shows that there are two 
lo 1L) = y/L = —[EI/(pAL?)|-L d?y/dx? real roots—one positive and one negative—and a pair of complex 
te ; re, ; ; roots We can, therefore, write the roots in the form 
12 \ solution of this equation satisfying boundary conditions is 
; r=—-yrteyt 6 6 
y? y/L 6/L) sin (#x/L 
wield ag , In order to avoid having to solve the quartic directly for r in terms 
rives leiding pA L El) =r . oe , > 1 : 
give 5 of R, d, and k, we solve for 6, «, and & in terms of R, A, and 4 rhis 
[his equation is identical with the Euler formula for F = p A can be done by equating the coefficients of the quartic to the 





JOURNAL OF THE 


AERONAUTICAL SCIENCES—JUNE, 1956 





ae | Pa a 























proper combinations of the roots. The process yields 


ae d 
§ = V;, + y? 4 . 
_ \ 
‘+ ° $ , 
é a | y2 -4 (44 *) 
Vis, { 


The solution to Eq. (4) can now be written 


1—x 


v,) = Ale I—x1) sin 6 sinh ex, — ¢ sinh ¢€ sin 6a . 
Ble sin 6 sinh e(1 — x,) — e?* sinh e sin 6(1 — 4 Ss 
Note that the boundary conditions w(0) = w(1) = O have been 


satisfied; satisfaction of the other two boundary conditions leads 
to the frequency equation 


e? + 67)? + 4y7(6? — e*)] sin 6 sinh e = 


Sy*«d(cosh € cos 6 — cosh 24 y 


If values of X and R are assumed, a trial-and-error solution of 
Eq. (9) vields the corresponding values of y and, hence, k. A 
plot of the solution for R = O is shown in Fig. 1. The ordinate 
is \; the abcissa is YW k/xr. Note that for \ = O we have the in- 
vacuo natural frequencies. As Xd increases, the natural frequen 
cies change smoothly until a critical value of \ is reached where 
the first two natural frequencies coalesce and disappear. For 
values of A less than X,,, the system is stable; for values of \ 
greater than A,,, the system is unstable since the first two natural 
frequencies have become complex Speaking precisely, we say 
that the solution for k? becomes complex and that one of the two 
square roots of k? must have a negative (unstable) imaginary 
part Presumably, as \ is increased further, the third and fourth 
frequencies, then the fifth and sixth, ete., would coalesce and 
disappear and the number of unstable modes would be conse- 
quently increased. These very high secondary maxima, how 
ever, are not germane to the present problem of determining the 
primary stability boundary 

‘he closed solution just discussed vields the critical value of A 


Ner = 343.2 10 
A Galerkin solution of Eq. (4) with the natural modes as ex- 
pansion functions yields the following results: If the first two 


modes are included, \,,-‘°? = 274. If the first three modes are 


included, Ag’? = 3852. Thus, we can see that convergence 


is be ing achieved 
CONCLUSION 


The foregoing analysis indicates that linearized theory does 
indeed predict flutter of plate panels at high supersonic Mach 
Numbers. Furthermore, the analysis shows that the Galerkin 
method can be applied successfully, It is interesting to note 


that such would not be the case if the panel were a membrank 













instead of a plate; analysis of a two-dimensiona 


aerodynamic theory used herein indicates th 








exist if the differential equation is solved exact nd th 
Galerkin method gives erroneous flutter boundar The 
of Goland and Luke?! and an unpublished stud Miles 
with this result for membranes. The qualitati lissit 
behavior of plates and membranes has probably n res 
for the controversy about the nature of panel flutter 
Mach Numbers 
} 
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Creep Buckling of Plates at Elevated 
Temperatures 


William Zuk* 

Associate Professor of Civil Engineering, University of Virginia 
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tks METHOD OF ANALYSIS presented is a numerical met] 
based on finite difference equations modified to account for 
creep strains and temperature softening of th l 


solution is an iterative one predicting deformation of th 


with time, load, and temperature history 





Although this numerical procedure is tedious unless assist 
Although tl rical pr lur t 

by digital computers, it is a very general approach where 

: § § I 

temperature distribution, any foreces—including t1 
residual ones—any boundary conditions, any creep law, 


time, any initial crookedness, and any material property chang 
may be introduced 


The general equation for flat plates with loads perpet 
to and in the plane of the plate is as follows. It is pres 


in orthotropic form because creep and temperature softening 


effects are different in the x and y directions 


(—) 
D + 2D, + 2D 
OX 


i +) Sa eee) 


. ( ) V0 | 
~ OxO OxO 
where . 
E 
D 
12(] r 
B, | 
D, = 
12(1 
LE,/ 
) a2 
12(1 bu 
G,)] 
P.. - 
’ 12 
u (Poisson's ratio) is assumed uneffected by creep; £, is tl 





lus of elasticity associated with the particular time and t 
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of nd (é . E. vs and (G, ire the effective 
i as creep, time, and temperature 
th en modulus) may be computed by the 
ving ¢ ession where bending stresses are more dominant 
VE 
= ej; 2 
(+E, J, «sda 
é 2 
bending moment; ¢- is the unrestricted creep 
f a cross-sectional fiber dependent on the stress, time, and 
e histor ind z is the distance from the centroidal axis 
licular to the surface of the plate 
the effective twisting modulus) may be computed by the 
MW, G 
© i790 
Mn +26, fe 2a 
d 2 
is the twisting moment and jy, is the unrestrained 
isting shear strain due to creep 
se of the well-known finite difference approximations of 
i in the general plate equation, a set of finite 
juations may be set up at the finite difference grid 
ts on the plate \t each point, the particular temperature, 
n ( this method lies in the determination of 
ffect nd G, These must be determined by 
issuming a reasonable set of deflection values. From these, 
ute the approximate stresses at the grid points and then 
tate E, and G, accordingly for a particular time and tem 
ture history Exact stresses may be computed, but it is 


to do so because creep causes a redistribution of bending 


visting stresses within the plate 


O se effective moduli are computed, the finite difference 
‘ be set up and solved for the deflections. The 
uted values of the deflections are then compared to the 

s ies of the deflections Thus, by successive correc 
the correct value of the deflections may be obtained for a 


ific time and temperature history 
1ethod outlined, 


taking successive times and repeating the 1 
omplete deflection history may be obtained until the mate- 


becomes plastic When the material becomes plastic, the ex- 
ssions for #, and G, are no longer valid although they still may 


raphical method 





\s can be seen, the method is very tedious and is therefore not 
ign method, but it is presented as one possible 
way of predicting plate behavior under elevated tem- 


tures where digital computers are available 


Comments on ‘‘Supersonic Diffuser Instability’’ 


ber Te MD 

ronautical Research Scientist, Langley Aeronautica! Laboratory, 
NACA Langiey eid, Va 

nuary 19, 195 





INTRODUCTION to the article! by Dailey, ‘Supersonic 
iser Instability,’’ the impression is given that a very 


rtant aerodynamic problem has been recognized but re 
ed virtually unattacked for the past 10 years except for the 
rk reported therein. This impression is far from correct since 
nber of theoretical and experimental papers on inlet insta- 

| 


n the amplitude and frequency of the oscillation 


initiated, have been published in the last 5 years by the 


‘ACA. Listed in references 2-6 are a few of several NACA 


rs Which have been declassified since early in 1955 Ferri 
c1° proposed the instability criterion of a vortex sheet, 
sing Irom a three-shock intersection, impinging on the cowling 
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lip, and thereby ‘‘choking”’ the e1 to initiate 
The writer®s* used a quasi on unsteady-wave 
analysis to investigate the ph nd was et 





formulate a general theory for instability and buzzing amplitud 





resonator approximation was employed 
Sterbentz and Evvard® to arrive at stability and frequency « 


teria and by Sterbentz and Davids® to predict amplitude 


The experiments and conclusions of Dailey, although of a more 





limited scope, are in many Cases surprising] 


published earlier bv the writer A few of the more important 
points of reinforcement or conflict between references 3, 4, and 
will be discussed herein to roughly fill out the picture of insta 


bility 

The writer was able t get excellent igreement between pres 
sure-time curves for various positions in the ram-jet obtained 
experimentally and theoretically using the aforementioned quasi 


one-dimensional flow characteristics analysis. Boundary « 





ditions employed in computin; ns were quasi 
steady state at the inlet and a zzke Waves are 
always reflected with the same I zle under this 


assumption 
A typical buzz cycle was found to follow this basic pattern 


The shock moves outward decreasing the inlet m 


flow and nd 


ng an expansion wave downstream which is reflected at the exit 





nozzle This second expansion wave travels upstre 
overtakes the shock, causing the latter to retreat into the cowling 
his rearward motion of the shock generates a downstream « 

pression (which is often followed by a sma 
from the shock “‘overshooting’’ during its rearward motion and 
then returning to the position it would have reached without 


overshoot” rhis compression (or comy 





couplet) is in turn reflected always as a compression (or couple 


it the exit nozzle and 





of continually diminishing streng 
it the shock, each upstream reflection forcing the shock further 


forward up the diffuser until the shock reaches its initial unstable 





position and the cycle is repeated 


ation type, the plenum pressure-time curve is more nearl\ 


series of steps See Fig. 10 of reference 1 

Now the relative magnitude of the wave reflected at the exit 
nozzle to the incident wave varies as }1 — [(y — 1)/2]1,! 
,1 + y — 1)/2) Wet, where J, is the Mach Number in the 
combustion chamber just before the choked nozzk Conse 


quently as the nozzle area is reduced with subsequent lower 


average mass flow, J/g decreases and the magnitude of the re 
flected wave increases for the same incident wave The ex 
planation found for the increase in oscillation frequency with 
decrease in mass flow is as follows: Until the buzz becomes par 
ticularly violent at mass flows far removed from that of the mini 
mum stable mass flow, the evcle was always initiated at about 
the same shock position. Consequently, since the nozzle re 
flections were increased with decreasing average mass flows, fewer 
traversals up and down the ram-jet of the compression wave 
are required to move the shock from its most supercritical posi 


tion to the unstable position, and, hence, there is 


decrease in 
cyclic time or an increased frequency his explanation has 


been verified experimentally 


The writer advanced the theory that the stability of 
flow was dependent upon the instantaneous values of mass flow 
and total pressure recovery of the supersonic diffuser and in 


mediate neighboring subsonic diffuser Ferri and Nucci 


demonstrated experimentally that the initial rate of subsonic 
diffusion could be important to stability rhe prevalent factors 
are the relative values of the rafe of increase of entropy and of 


boundary-layer growth (separation is a special case of rapid 
é t ' 


boundary-layer growth) compared to the rate of decrease of mass 
flow through spillage around the cowl lip. These factors caus¢ 
generation of waves moving both upstream and downstream, and 
the relative magnitudes of these waves will determine whether 


an inlet perturbed by a random disturbance is stable or unstable 
It is to be noted, contrary to reference 1, that it is definitely 
not necessary in general to “‘block” or even to “choke in the 


sense that an instantaneous value of ./ 
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the inlet, although the waves generated become stronger as lJ > 
1.0 

A fact overlooked by Duiley is that a growing separation gener 
ates upstream traveling compression waves as well as downstream 
expansion waves. Consideration of this in his wave travel times 
discussion and pressure behavior discussion on pages 745-746 
\ 


would introduce additional possibilities to be explained. An 


other application of this fact, coupled with the knowledge that 
the outward shock motion with resultant increased spillage 
generates downstream expansions, results in a plausible explan 
ation for the droop in plenum chamber pressure noted by Dailey 
before the inlet pressure fall-off begins. For example, at a sta 
tion between the growing separation and the cowling entrance, 
the static pressure can be either rising (upstream compressions > 
downstream expansions), steady, or falling; while simultaneously 
at a station aft of the separation, the pressure is falling due to the 


downstream expansions 


REFERENCES 
Dailey, C. L., Supersonic Diffuser Instability, Journal of the Aeronautical 
Sciences, Vol. 22, No. 11, pp. 733-749, November, 1955 
Ferri, A., and Nucci, L., The Origin of Aerodynamic Instability of Super 
mic Inlets at Subcritical Conditions, NACA RM L50K30, January, 1951 
rrimpi, R. L., An Analysis of Buzzing in Supersonic Ram Jets by a 
Modified One-Dimensional Nonstationary Wave Theory, NACA RM L52A18 
March, 1952 
‘Trimpi, R. 1 4 Theory for Stability and Buzz Pulsation Amplitude in 
Ram Jets and an Experimental Investigation Including Scale Effects, NACA 
RM L53G28, October, 1953 
Sterbentz, W. H., and Evvard, J. C., Crilerions for Prediction and Con 
trol of Ram Jet Flow Pulsations, NACA RM E51C27, August, 1951 
6 Sterbentz, W. H., and Davids, J., Amplitude of Supersonic Diffuser Flow 
Pulsations, NACA RM E52124, December, 1952 


Low-Wave-Drag Bodies of Revolution as 
Determined by Linearized Theory 


G. C. Grogan* 

Convair, A Division of General Dynamics Corporation, 
Ft. Worth, Tex 

February 3, 1956 


H M. ParKeEr' has presented a linearized method of deter 
o 


mining minimum-wave-drag ducted bodies of revolution 


This note is submitted to demonstrate how Parker’s method of 
satisfying the boundary conditions may be extended to include a 
larger class of body shapes with arbitrary body radius control 
points 

Referring to Fig. 1 and assuming unit free-stream velocity and 
density, Parker pointed out that the annulus of undisturbed air 
passing between the concentric cylinders having radii of R(0) 
and R(x) must pass through a control surface of radius R(x) 


* Aerodynamics Group Engineer 





= : 
JMF-T R(x) x, 
Fic. 1 Ducted body of revolution 


lying between the stations Y 1/? 


tion may be expressed as 


| R*(x;) R20 


or, by introduction of the source potential, radial differentiation 
ri , 


and longitudinal integration, the expression become 


R20 = 


l VM? — 1 R(x ( ie 
0 V (x 2 , 1) R(x) 


which relates the unknown source strength f(¢) to the body radius 


distributions R(x) Note that if the body is slender in the sense 
that V/ 1? — 1 R(x) is quite small, then the source strength is 
simply the longitudinal gradient of the cross-sectional area as 
discovered by von Karman.? 

If now the radius point under consideration is at station %, 
Eq. (2) is still valid (with x, substituted for x This is so be- 
cause the mass transport through that segment of the R(x,) = 
R(x») control cylinder lying between stations x; and x» is zero 
since that segment is bounded by the body, a stream surface. 

The general design problem of passing a low-drag meridian 
curve through a selected number of control points may new be 
solved by a method similar to that previously published in the 
JOURNAL The source strength f(¢) is assumed to be a poly- 
nomial in ¢; it is introduced into Parker’s drag expression,’ and 
the resultant series is minimized by the variational calculus com- 
patible with the imposed constraints defined by the expanded 


forms of Eq. (2). 

A general procedure for this approach is currently being coded 
for an electronic digital computer at Convair. It is hoped to 
publish a more detailed analysis along with computational results 


in the near future 
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Influence of the Leading-Edge Shock Wave . 


(Continued from page 600) 


In a more precise calculation the axial velocity would 
be expressed as 


u(x, vy) = mw(f) + (WV C/N ‘Re,s)'~ °°) w,(¢) + 


and it is required that (0) and 4,(0) vanish and that 


u(C) > 1 and 1,(¢) — (const. C8) as ¢ > @ [see 
Eq. (7)]. In other words, the solution of the boundary- 
layer equations is required to reproduce the continuous 
transition from the boundary-layer type of behavior 
near the surface to the behavior of the inviscid rote 
tional flow ‘“‘far’’ from the surface. 
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